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Abstract

This dissertation consists of two essays about macroeconomic theory of monetary
policy. The first essay derives a general algorithm for finding optimal commitment
policy when the policymaker’s decision stabilizes the economy as well as informing
the private sector about fundamental shocks. The paper describes three equivalent
formulations of the problem facing the policymaker. The last formulation is recursive,
facilitating the finding of the steady state. This paper finds the steady state for a New
Keynesian central bank who has both a transitory and a persistent preference shock.
Under discretion, the private sector’s expected inflation is positive and persistent,
limiting the ability of the central bank to achieve its output target. In contrast,
under commitment, for both persistent and transient shocks, the central bank achieves
negative expected inflation, allowing lower realized inflation and realized output closer
to target.

The second essay introduces a new model for intermediate behavior between dis-
cretion and commitment. Instead of commitment as the ability bind a future self, this
essay reframes it as how much does the current policymaker incorporate the perspec-
tive of its past self. In a monetary New Keynesian context, I define Scaled Commit-
ment, where prior Lagrange multipliers are discounted, nesting both discretion and
commitment. It also allows different degrees of commitment for the always-binding

Phillips curve and occasionally-binding zero lower bound.
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Introduction

This dissertation presents two chapters that expand the possible modeling of central
banks, and macroeconomic policymakers in general. The first chapter considers a
central bank in a linear system with quadratic losses, where the central bank has
an informational advantage over the private sector. This means that the central
bank’s choices have a signaling role in addition to the standard stabilization role.
Mertens (2016) has solved a similar models if the central bank is discretionary. This
chapter solves for if the central bank has commitment, which introduces the significant
complication that private-sector updating becomes a control variable.

To solve the model with an informational advantage and commitment, I present
three novel formulations of the problem, and prove their equivalence. The last for-
mulation is recursive and enables the solving for the steady state equilibrium. I solve
repeat the application in Mertens (2016) for commitment instead of discretion and
describe the results.

The second chapter introduces a new model of behavior between discretion and
commitment. In standard models, a policymaker is committed if they can bind their

future self. They are discretionary if they have no control over future actions. Debor-



toli and Nunes (2010) introduce a concept where the commitments have a stochastic
chance of being broken, after which the policymaker reoptimizes. This chapter pro-
poses a new framing of commitment, instead of focusing on the ability to bind a
future self, it models acting a committed fashion. In particular, acting in a com-
mitted fashion means doing today what past versions of the policymaker would have
wanted the agent to do. When acting fully committed in this fashion, it is performing
in a timeless manner, a la Woodford (1999). Mathematically, Marcet and Marimon
(2019) introduce Recursive Contracts which solve commitment behavior in a Bellman
setup by making prior Lagrange multipliers a state variable in the problem. I extend
their framework to allow for policymakers that operate in a somewhat committed
fashion, that is they may incorporate prior Lagrange multipliers, but not necessarily
to the extent that a committed agent would.

In Scaled Commitment, the central bank discounts prior Lagrange multipliers by a
scalar factor. This nests discretion and commitment with discount factors of 0 an 1. In
a two-period context, I apply Gul and Pesendorfer (2001) and derive the temptation
function that is consistent with the intermediate behavior. In a recursive context,
I apply Scaled Commitment to the standard New Keynesian model, as well as one
with the occasionally-binding zero lower bound (ZLB) constraint. Two constraints
allow for independent discount factors. I map out the implications for outcomes and
welfare of of the different discount factors with respect to the ZLB. Finally, I show
how Scaled Commitment requires only a minor modification to a standard linear

quadratic regulator solution method.
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Optimal LQR Commitment with Signaling

2.1 Introduction

This paper models a fully informed policymaker that can commit to a linear policy,
where he faces a forward-looking constraint based on rational, private-sector expecta-
tions. The additional complication is that the private sector has partial information.
The policymaker’s choices have a signaling role and may inform the private sector.
Therefore, the expectations of the private sector become another control variable for
the policymaker. The structure of the model is that of a linear quadratic regulator
(LQR): transitions and constraints are linear, shocks are Gaussian, and losses are
quadratic. However, the private sector will use Kalman updating for their beliefs,
which depends non-linearly on the policymaker’s choices.

There is empirical evidence suggesting the Federal Reserve has an informational
advantage over the private sector. When the public observes Federal Reserve interest
rate decisions, they update their beliefs about underlying shocks to the economy,
see e.g. Melosi (2016) and Nakamura and Steinsson (2018). In those papers, the

interest rate was set by a Taylor rule which depended on the true shock, and the



partially-informed private sector updated based on the observed interest rate.

This paper enables the solving for optimal monetary policy when a central bank
with commitment has an informational advantage. Prior work has presented general
solution methods for when the private sector has the same limited information or is
at an informational advantage over the central bank (Svensson and Woodford (2003,
2004) respectively). When the central bank does not have an informational advantage,
its policy choices do not carry any information. Therefore, in the Svensson and
Woodford papers, a change in policy had linear effects and quadratic losses. They
use the first-order condition to show how the optimal policy depends linearly on the
fundamental state and a co-state of Lagrange multipliers from the constraints.

When an informational advantage for the central bank is present, Mertens (2016)
shows how to solve for optimal policy if the central bank is discretionary. The dis-
cretionary central bank is aware that the private sector will use a Kalman gain based
on its policy to update their beliefs about the state of the economy. However, the
Kalman gain is linear like the rest of the model. When finding optimal discretionary
policy, the central bank takes the private-sector updating as given. So like the Svens-
son and Woodford papers, for the purposes of optimization, a change in policy has
linear effects and quadratic losses. Therefore, the first-order condition gives the cen-
tral bank’s best response to any specific private-sector Kalman gain. Mertens presents
an algorithm to find a Kalman gain that is consistent with the central bank’s best
response and rational, forward-looking expectations. Crucially though, the central
bank takes the Kalman gain as given and does not alter its policy in order to shape
this period’s private-sector updating.

Because this paper’s model has both commitment and an informational advantage
for the central bank, it has a complication not present in the work cited above. In
the works above, the central bank does not try to change the private-sector updating

process with its policies. When it does not have an informational advantage, its
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choices do not affect private-sector updating. And under discretion, its choices are
a best response to private-sector updating, which it takes as given. Only under
commitment with an informational advantage does the private-sector updating itself
become a control variable.

In order to optimally shape the private-sector updating, the policymaker must
commit to a policy before any shocks are realized. The distribution of initial shocks
and the committed policies will be common knowledge. The private sector will use
that common knowledge to update their beliefs based the signals they observe. Once
some shocks are realized, the central bank will have a different preference ranking for
potential policies. For a bank with commitment, the optimal policies are those that
minimize unconditional expected losses, before any shocks are realized. Because they
minimize unconditional expected losses, they are chosen based on the distribution of
shocks and model parameters.

So that the private sector uses a Kalman filter, as in Mertens (2016), I limit the
policymaker to using linear policies. This is equivalent to choosing matrices for the
weightings on different inputs into the policy before any shocks are realized.! There
is not a simple first order condition for the matrices, because their weights have non-
linear effects on the model, as the mapping from policy to Kalman filter is non-linear.

I describe three novel formulations of the problem, and prove their equivalence.
The first formulation is the Full History Sequence Problem (FHSP), in which the
policymaker chooses a sequence of matrices that include linear weights on the full
history of shocks. This is equivalent to a fully state-contingent linear policy. As a
consequence, the number of weights for period ¢ is proportional to ¢t. The second
formulation is the Commitment-Error Sequence Problem (CESP). In it, the policy-

maker chooses a sequence of matrices of fixed size, basing the policy each period on

L If the weights are chosen after any shocks are known, they could vary based on those shocks,
which would mean the final policy is not linear in the inputs.



a commitment of predictable policy from past period, and a linear weighting on the
private sector’s prediction errors. The bulk of the proof is the equivalence between
the FHSP and the CESP. It is challenging because of the dimension reduction. In the
FHSP, the policymaker chooses a growing number of parameters each period, and in
the CESP, the policymaker chooses a fixed number of parameters each period.

Both the FHSP and CESP choose an infinite sequence of matrices based on model
parameters and the distribution of the initial shock. I call this perspective the un-
conditional perspective. Once the policymaker knows any single realized shock, it is
likely that they would choose different matrices as inputs into the policy, which break
the linearity of the final policy. Therefore, in all formulations the policymaker must
choose the matrices before any shocks are realized. This informational posture is dif-
ferent than other commitment models, where the policymaker can base their policy
on at least some realized shocks.?

The Variance Bellman Problem (VBP) is the third formulation and most tractable
computationally. In it, each period there will be an augmented state composed of
three parts: this period’s fundamental state, the previous period’s private-sector pre-
diction of this period’s fundamental state, and the previous period’s private-sector
prediction of this period’s policy choice. When the policy is implemented, the final
part will constitute the policymaker’s commitment from the previous period. Like
the sequence formulations, the VBP chooses matrices from the unconditional per-
spective. Therefore, the VBP recursive value function has a different meaning than
normal Bellman or Recursive Contract value functions. In those problems, the value
function represents total discounted utility from the perspective of an agent at a

particular period t. In the VBP, the value function represents the expected losses

2 See e.g. Marcet and Marimon (2019, p. 3 (1591)) where state-contingent problems are based
on initial state zo and initial shock sp; Svensson and Woodford (2004, p. 14 (674)) where the
instrument 4, is a function of the policymaker’s estimate of the underlying state X;; and the prior
Lagrange multiplier =;_;;. Those models could be solved based on the unconditional perspective,
but it is easier to solve them based on the information available.
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starting at a period t from the unconditional perspective.

The value function equals unconditional expected losses starting from a certain
period. Its argument is the period’s augmented state covariance matrix, i.e. the
unconditional distribution of the augmented state for a specific period. From that
information the policymaker chooses one period of the CESP matrices. The covari-
ance matrix and the matrices are sufficient to calculate expected losses and the next
period’s augmented state covariance matrix.

The novelty of this approach is that the recursion is from the unconditional per-
spective, i.e. is always about unconditional expected losses and distributions. It takes
place before any realizations. It is a recursive formulation for the policymaker in the
same position as the CESP, committing to an infinite sequence of matrices from an
unconditional perspective. It is not equivalent to a sequence of policymakers through
time. Once the VBP is solved, its policy functions represent a sequence of matrices
that can be combined with shocks and augmented states to determine the realized
policies through time. With the VBP it is possible to find the steady state of the
system, in which the augmented state has the same distribution across periods. In
this paper, I do so for the commitment version of the application in Mertens (2016).

There are some similarities between this paper and Marcet and Marimon (2019),
in which they prove an equivalence between state-contingent commitment policies and
their Recursive Contracts formulation. In their recursive formulation, the utility func-
tion of the policymaker next period is updated to incorporate how the policies next
period affect prior constraints. The optimal choice of the modified utility function is
the one that past policymakers would have committed themselves to. My solution
differs in that I solve for policies every period based on distributions of states, not
realized values. This comes from the different informational structure of my problem.
By limiting myself to one-period forward constraints and linear Gaussian systems,

I can embed the commitment directly into the augmented state, and therefore its
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distribution. But broadly, there is the similarity of drawing an equivalence between
a state-contingent formulation and a recursive formulation.

The VBP is best thought of as alternative path to calculating CESP losses and
determining optimal matrices. Instead of choosing all the matrices simultaneously
to minimize the expectation of the entire sum of losses, the value function is used
to encapsulate expected losses after this period. Then, inside the value function the
minimization chooses a specific period’s matrices given its augmented state distribu-
tion. This period’s augmented state distribution can be combined with the matrix
choices to calculate expected losses this period and the next period’s augmented state
distribution. The optimal choices balance effects on the expected losses this period
future expected losses via the value function called with the next period’s augmented
state distribution. Like the CESP but unlike value functions in other models, its
evaluation is entirely about expected losses and from the unconditional perspective.

This paper proceeds as follows, Section 2.2 presents a two-period version of the
New Keynesian central bank model. It demonstrates the differences between the
three formulations described above. Section 2.3 describes the infinite horizon model
and defines formally the three formulations. Section 2.4 proves their equivalence.
Section 2.5 repeats the New Keynesian model from Mertens (2016), but solving for

commitment instead of discretion. Finally, Section 2.6 concludes.
2.2 Two-Period Model

This section uses the three formulations of the problem to solve a two-period New
Keynesian monetary policy model. In each period, the central bank’s output target
is composed of two shocks, a permanent one that affects both periods, and a transi-
tory one that affects only one period. I solve the model under both Full Information
and Partial Information, to compare how the partial information changes the opti-

mal policy of the central bank. The full information version could be solved with
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more traditional methods, but it is also possible to solve them based on the novel
formulations of this paper.

The policymaker has a time varying target for the output gap g,

v o2 0 0
el ~N[0,]0 o2 0
E9 0 0 O'2

£

where v is the preference shock that persists across the two periods, and g; is the

transitory shock. The losses take the form
Ly = E{n} + (9.~ 3)"}

L =1L+ Ly

where 7, is inflation. With two periods, I remove discounting.
The standard New-Keynesian Phillips Curve is 7y = kg, + BE {m1}. For sim-

plicity, I use k = =1 and 73 = 0. There are two constraints,
T = g1 + T2pn (2.1)

o = (o (22)

Forward-looking expectations are taken based on the private sector’s information
set, mon = E{m|I{"}. Under Full Information, I{* = {v,e1}, and under Partial
Information, I7® = {m}. For all problem formulations, the private sector will use a

Kalman update to estimate v and e based on either (v,e1) or m

v
E{[U:| |]{)s}: |:’U|1:| :K{FI,PI} £1
€1 €11

Ut

3 T use unconventional variable ¢ for the output gap, because = and y are used in the proof.



with K" maps (v, 1, 7) to private sector beliefs about the shocks. Under Full Informa-
tion, the private sector directly observes the shocks, and under Partial Information,

there will linear weights based on

KF = [3 (1) 8] (2.3)

U1 _ KPI,Trﬂ_l
€1n

KP'=1[0 0 KPI] (2.4)

In all three formulations, 7y will depend linearly on v and ;. Let row vector Gy

hold those linear weights

™ = G1 [;}1]

and let the shocks have distribution >%¢

[”] ~ N (0,5%)

€1

o2 0
0 o?

Ew:{

The Kalman update for Partial Information is given by

KPIT = 5eGT (Gys=GT)
Controlling K7™ is the reason that the central bank commits to G; before any shocks
realize.

A key to my approach is that for commitment, the optimal linear policy can be
chosen before the first shock realizes, based on covariances and minimizing uncondi-
tional losses. In my proof, I prove the equivalence of the three problem formulations,
which I will apply here. The policymaker is a Ramsey planner and chooses all instru-

ments and forward-looking outcomes subject to the Forward-Looking Constraint. In
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this problem that would mean choosing both 7; and g; such that (2.1) and (2.2) are
met. However, we can simplify the problem by letting the policymaker optimize the

choice of 7, and then get the implied g;: g1 = m; — 71 and go = .
2.2.1 Summary of Problem Formulations
Here is the central bank’s problem as a Full History Sequence Problem (FHSP)

V(2) = min B{L: + L}

5.t m ~ N (0,5%)

€1
Wy ~ N (O7 1)
v 1 0| |wv 0
=l o )+ [0
o]
v
o = GQ ISH
€2

g1 = T — To|1

go = T9

where unconditional expected losses will depend on the distribution of shocks, 3¢,
the variance of 5 is controlled by the o. multiplied by unit variance ws, G is a row
vector of length 2, G5 is a row vector of length 3, and w9y = E {m|I}"} which can vary
across informational setups. In particular, under both Full and Partial information,

w1 Will depend on 5. Under Partial Information, it also depends on the information

11



in 7,

(%

Un | K{FLPI} e | = K {FLPI} I v
€11 ™ G1] &1
U|1 1 0 I v
7T2‘1 = G2 81‘1 = GQ 01 K{FI’PI} |:G :| |:€ :|
0 0 0 ot

where K71 and K' are defined in (2.3) and (2.4). Using the matrices to choose
7, and then calculating the consistent g; means that all possible G7, G5 meet the
Forward-Looking Constraint.

In the FHSP, the policymaker is minimizing the total sum of losses. The choice
variables are two row vectors that determine how the policies depend on the full
history up to that period.

Here is the central bank’s problem as a Commitment Error Sequence Problem

12



(CESP)
W (X)) = oin E{L, + Ly}

112

s.t. [”] ~ N (0,%%)
€1

Wo ~ N(O,l)

HEFIANGE
«al]

U1 _ g{FHPI} £
€1 ™

U1

C

7T2‘1 = Gl ‘
€1n

i (|2] - [4])

g1 = T1 — T21
g2 = T2

where again unconditional losses depend on the distribution of shocks ¥U¢; row vectors
G¢, G, and G are all of length 2.* The superscript e signifies error for the private
sector’s prediction error. The superscript ¢ in Gf stands for the commitment the
policymaker makes regarding my;. Finally, by using the matrices to determine 7,
and then getting the implied g¢;, all possible {G{, G{, G$} meet the Forward-Looking
Constraint.

The CESP structures the problem differently than the FHSP. In the FHSP, the

’U|1
4 In the full proof, I would allow G§ to be multiplied by {5”1], but in this problem my; €

11
span <{U1 ]), so I simplified.
€11
13



expected behavior of my; was determined by the information the private sector had,
I”, and the policy G5. Here s is decomposed into the private-sector predictable part,
which is controlled by GY, and the part that depends on private-sector prediction

error, G5. Note that by construction, whatever the choice of G¥,

Bt =l
e{le] (3]} o

and therefore, E {m|I]"} = G Lvl]
11

In other words, 79 is chosen in such a way as it is guaranteed to be consistent with
the rational expectation which was set by K/-F1F and G¢.

Now we will consider the Variance Bellman Problem (VBP), which differs from
traditional Bellman problems. The normal pattern for a Bellman function is that
the recursive call captures the discounted losses of the agent in the next period. For

example, if we were considering a consumption decision based on a wealth state,
V (w) = maxu (c) + SE{V (')}

V' (w’) would represent the discounted utility of the consumer in the next period. It’s
possible to use V' (wg) above to calculate a state contingent sequence {c;},-,, but it
is equally valid to think about each ¢; being decisions made at different times.

In contrast, the recursive function in a VBP does not accept as argument a state

variable, but rather a covariance representing an augmented-state distribution. In
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the first period, the augmented state will be

v (Y
€1 €1
1= 1Yo | = 0| ~N (0, 211/)
€1/0 0
7T1|0 0

v _ ve
Ll] =€ N

ve 10000
(A =
01000
The (mean-zero) augmented state y; has five elements, but in the first period the
private sector has no information or expectation coming into the period, so the bottom

three elements of y; will be uniformly 0, as will their covariances,

X 0 0 0
0 000

v _
= 0 000
0 000

Both Marcet and Marimon (2019) and Mertens (2016) have recursive value func-
tions with augmented state arguments. In the former, the state is augmented with
Lagrange multipliers representing prior commitments, and in the latter, the state is
augmented with the private sector’s estimate of the state coming into the period. For
this problem the Mertens (2016) state would be [v €1 Yo 51|0]/. In the VBP, the
argument is ¥.Y instead of y;. The central bank will commit to policies for period 1
based on the distribution X7, instead of choosing policies after observing any part of
y1. (Note that because of the finite horizon, the value function and choices will be dif-
ferent for the first period and second period. Both, however will accept unconditional
distributions as arguments: 3¢ and 3%.)

For the two-period model the FHSP and CESP are tractable. The key feature of

the VBP is that the value function for the second period, Us (X%), can be calculated
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without reference to prior policies beyond the covariance matrix 5. This demon-
strates how the VBP is capable of transforming the infinite problem into a recursive
one, and that ¥¥ is a sufficient statistic for calculating optimal G¢ and G choices.

Given the distribution of the y; for period 1, the policymaker can minimize his
choice of G{ and GY, taking into account the fact that they will affect expected utility
for later periods, based on changing the next period’s distribution X§. The definition
of U; is given by

Uy (21) = win B {L} + Vs (23)

11

s.t. Y~ N (O, 2;[1/)

v
€ € _ve
7T1—G1|: ]— 1"
€1

e |V
T = G Llllj
g1 =T — 21
where G§ and G are row vectors of length 2, and X is calculated below.
Beliefs updates use K /-F1} is given by (2.3) or (2.4), depending on which infor-

mational structure we are modeling.

v
[m} _ KUFLPIY | o | = gAFLPI} [I] ey
S o GY

The system evolves according to

Wo ~ N(O,l)

L=l dl ] Lol

Now I show how ¥} is calculated from XY, G, and G§. Note first that

210 o
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so together

’U|1 1 0 v
Eo1 | = 0 0 I

| c €11
21 Gl

Therefore we can calculate the entire transition matrices A} and BY,

v
€2
Yo = | V| ~~ N (07 Zg)
€21
2|1

= Afy1 + BYwy

’UJQNN(O,l)
[ 1 O 61}5
00
Al = [1 0} -
0 0f| K" .| e
f {Gl}
[0
05
BY=10
0
|0

and from these combined we can calculate the distribution of s

£y =AYV (A))" + BY(BY)"

As a reminder, U; and U, take as arguments the covariance matrices of augmented

states y; and y,. Note especially that part of y, is 791, which is a choice variable

of period 1 optimization. o (y2,%4) will be linear in y for all ¥ | and it will be

constructed in such a way to ensure that prior period’s private-sector expectation is

followed through upon, £ {m, (y2) |1°} = ma1. Us includes the optimization of period

2 policies, but those policies always ensure that

mp=[0 00 0 1]y
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is a rational expectation. The choices that remain for the optimization of period 2
policies are only things that do not change my;.

The second period covariance has the form

v v
£9 9
y2=|vp | = |vp | ~N(0,X])
82‘1 0
[ 721 721 ]
o — 1 0 0 0 O]
01 0 0 0f

1
o O
o O
O =
i)
o O
| I

vE —
€2|1 =

Un _ Un — ¥
Ea1 0 2192
eq = [0 000 1}
To1 = 63\192

Here is the period 2 value function

U (33) = H(l;mE {L2}
2

s.t. yo ~ N (0,%%)

([ [2)
= (€5, + G5 (e —e57)) w2

go = Tg

so the optimization of period 2 policies amounts to choosing G5 that minimizes losses,

given the distribution of 5.

® In this particular case no matter X4 and informational setup, the optimal G§ = [0.5 0.5].
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The usual Bellman equation describes the problem that a policymaker will face for
some period, and how they will choose the optimal policy when that period arrives.
It is from the perspective of that period. Recursive Contracts can be thought of as
solving the problem from the original perspective, after xy realizes. Alternatively it
can be thought of as if the policymaker’s utility function is modified in the specified
manner, then when period ¢ arrives, he will choose to act in the way that he would
have committed himself to act in that period.

The VBR formulation is different than both of these. Optimal commitment with
signaling must be determined before any shocks are realized, from the unconditional
perspective. The VBR and its equivalence shows that optimal policy for period ¢ can
be calculated based only on the covariance the augmented state for period ¢, which has
a fixed dimension of (2N, + N,) x (2N, + N,). The optimal policy are some matrices
that will be combined with the augmented state in order to form the period ¢ policy.
But these matrices must be chosen from the unconditional perspective. Unlike the
Bellman equation, and unlike the second interpretation for Recursive Contracts, we
cannot think of what a policymaker will choose to do once t arrives. As soon as any
shocks have been realized, the weights the policymaker would choose are changed.

Summarizing the three approaches. The FHSP chooses row vectors, G; and Go
size 2 and 3 respectively, which are the weights for the state-contingent policy of
the full history. This is equivalent to choosing the linear functions m (v,e;) and

P (U7 €1, 62)-

v
™ = G1
€1
v
T = Gy | &1
€2

Under Full Information, these weights could be chosen after v and e, are realized,

however under Partial Information, they must be committed to in advance as they
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affect the information updating done by the private sector in the first period.

The CESP chooses three row vectors: G{, G, and G all of length 2, where

m = G¢ L”J

—e [vu}

€1n

I v
_ (e joAFHPI}
SN

w=mn+ i (2] - [4))

where K71 is a function of ¥*¢ and the weights in G¢. Again, under Full Information,
these three row vectors could be chosen after realization of v and €1, but for Partial
Information, they must be committed to in advance.

Finally, the VBP is choosing vector functions, G§ (£Y), G§ (3Y), and G§ (X3) with

a crucial difference in how 9 is calculated.
Yy~ N (07 EZ1/)

m = Gy (El{) ey

ran=Gr ) | ]

€11

C ‘[ ve
—crep i | L ey,

€ Y2

The distribution of ys is the argument to Us,, and its components are

130
’U|1 ~ N(O,Zg)
€211
o1

Y2
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In the VBP, the optimization of period 2 policies chooses them as

my = (el + G5 (Z3) (€ —ecfy)) 92

= map + G5 (33) (Lﬂ N {%ID

The three formulations have different approaches to the problem, however they

yield the same optimal policies.
2.2.2 Results

For all the formulations, the policies under Full Information do not depend on the
variances of the shocks. All three policies also choose a 2-element row vector for
weights determining 7
Gi' =106 0.4]
For the second period policy, the FHSP formulation central bank chooses

Gy'=1[02 —02 0.5]
Under CESP, the policymaker chooses
Gy =102 —0.2]
Gy =05 0.5]
although the first term in GS’FI has no effect, because v = v;.
To explore the value functions in the VBP precisely, I will show below how losses

would be calculated for any G¢, G{. Label the elements as

GT’FI = [ev ec]

G5 = [e <
and let the variances be unit,

&1 NN(O,I)
€2
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The VBP optimization will make the same choices as the CESP, however we can

calculate U; and Us explicitly. ¥ will have the form

1 01 O Co
0 1 0 O 0
=110 10 Co
0 0 0 O 0
c 0 ¢, O cg + cg
Whatever the informational structure, an optimal choice is G§ = [0.5 0.5}. So

solving for U (39)
2|1 = Gy + ¢

1
Tg = T21 + 582

E{w%}zCi%—C?%—}l

g1— 0y =T2 — U — &3

1
E{(m-v-e)}=0-c)+cd+

1
UQFI(EZQJ):E{L2}22CE+C?}+(1—CU>2+§

From only the variables in X%, we can give the precise formula for UJ7. This means

that we can also do the same for U; depending only on
T1 = €,V + €:€1
o1 = CyU + C€1
g1 = T1 — 1
= (ev — ) v+ (ec — cc) &1

G—g =(es—cy—1)v+(ec—c. —1)g
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which lets us precisely define UF?,
Uit (2Y) = E{L} + Uy (38)

=e2te2+ (e, —cy—1)° + (e — . — 1) + UST (Y)

The first order conditions give the same choices as the CESP
Gy =106 0.4]

Gy =102 —0.2]

The forward-looking expectations increase losses for v and decrease them for ¢;.
This is because v increases both g; and g,, while £; only affects g,. From the per-
spective of period 1, the policymaker prefers that F {7r2|1|v} /v and E {7T2|1|€1} /€1
to be as close to —1 as possible. But purely from the perspective of period 2, the
policymaker would prefer E {y2|1 = 7r2|1|v} = %v. Balancing these two costs, the
policymaker chooses E {qulv} = %v. In response to 1, the ideal reaction from
the perspective of period 2 is to ignore it, so the balance between periods produces
E{msle1} = —%ey. This balances extra variance in m and y, against the benefit of
the expectation to period 1 losses.

Under full information, the only surprise in period 2 is €9, and it is independent
of period 1 policies. The response to &5 is fully optimized so E {ms|es} = L&, but the

response to v and €; are chosen to balance costs and benefits across periods.
Partial Information

Because the private sector is doing signal extraction, the numerical values will depend

on the variance of the first period shocks. For the numerical results below, I give them

ool )
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In the Full History formulation, the solution is

Gy'=[0.311 0.56]

v
m™ = GfI [51]

Gy =1[0.344 —0.28 0.5]

v
Tg = Géjl €1

€9

The private sector updates their beliefs according to

- —1 0.76
KPhT = GlT (GlGlT) = {1_37}

Un | _ KPI,w?T1
€11

The central banker chooses to put less weight on v than €1, because it causes

private sector ascribe more of the observed m; to the temporary shock, than the

persistent shock. The net result is

U | _ KPLTI‘Gl v
S €1
~ 1024 042 |v
~10.42 0.76] |&y
After we calculate the private-sector beliefs, we can determine the implied oy,

0.24 0.42] [v
Top = [0.344  —0.28] {0‘42 0'76} [51]

— [-0.038 —0.068] [2)1]

We see that for both shocks, the private sector response of my); is negative. This is
beneficial for first period losses because recall g = m — o)1, and the central bank

wants higher g; and lower m; responses to the shocks.
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Ignoring effects on first period expectations, the central bank would like Gy =
[0.5 0 0.5]. Under Full Information it chooses, G§* = [0.2 —0.2 0.5]. The rea-
son the first element drops to 0.2 is because of its deleterious effect on my; and
first period losses. Under Partial Information, the central bank chooses G¥! =
[0.344 —0.28 0.5], with higher first element, and yet my); still negatively responds

to v shocks. This is precisely because of the information shaping in the choice of G17.

)=o)

so the negative weight on €; in G causes the my; = —0.038, reducing losses in period

For a shock (v =1,e; = 0),

1.

I numerically solve the problem using all three formulations, and they yield the
same net policies, but the policymaker constructs my differently. The first matrix is
the same as the FHSP, G¢*' = GF7. And G5 is pinned down as well. However, there
is more than one optimal G, because [U|1 51|1}/ is collinear as it is a vector multiplied
by 7, the private sector’s only information. I present below the representation value
that only puts weight on v);. In the CESP, the central banker is choosing all the

matrices simultaneously.

Gy = (0311 0.56]

= G?Pl |:/U‘|

€1

Gy =1-0.16 0]

c¢,PI | V1
7'[‘2‘1 = Gl
€1n

Gy =05 0.5]

e ([ -[3])
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Again to demonstrate how the VBP works, we will calculate its losses for any

choices of GY, and Gf,

GT’PI = [ev eg]
Gi’Pl = [cv 0}

The final quantity we will define now, and then calculate later is, Uzu = Var (v|1). Poi4

will have the form

1 0 ngl 0 cvcrg|1
0 1 0 0 0

¥y = ‘73\1 0 Ugu 0 Cv‘7121|1
0 0 0 0 0

cvaz|1 0 cvaﬁ‘1 0 cgagu

Again the optimal second period choice is always G§ = [0.5 0.5},
2|1 = Gyl

B 1
T = T2|1 + 5 ('U — ’U|1) + 582

9= =(co = Do — 5 (v—1p) = 522

because v|; is orthogonal to (v — v|1), the unconditional losses are,
UP (58) = (&4 (o= D) o+ 3 (1= o) + 3
2 2) = & T (G Oyl1 5 Oul1 5

Note that because ‘73|1 < 1, and ¢, < 0.5, these losses are increasing in ‘73|1' The
better the private sector’s estimate, the worse losses are in the second period. This
is because the central bank must follow through on the commitment 7y; with regard
to the private sector’s estimate of v);, but can freely optimize the prediction error,
v — ;. While ¢, < 0.5, which will always be the case for optimal choices, the second
period losses are decreasing in c,.

PI

Now moving back to Uy (3Y), again naming variables for the choices

GT’PI = [ev eg]
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The optimal estimate for v is v;; = K2"/m; with

FoPr — &
T e2 + e2
v €

2

0,2 o ev
v[l T 2 2
e; + ez

o v,PI
2|1 = oK

g1 (1 — C,UK:?’PI) m

= (1 — chﬁ’PI) (eyv + ece1)

Let ry = 1 — ¢, K»P!. Therefore,
E{L} =e*+ (1 —rge,)’ + e+ (1 —r4e.)”

U (2) = E{L.} + Uy (23)

Because K1 has e, and e, in the denominator, the first order condition for them
gives a cubic equation, and I solve them numerically.

This section’s two period exercise demonstrated two things. First it showed con-
cretely how the three formulations address the problem. Second, in terms of outcomes,
it showed how under Partial Information, the central bank has an incentive to place
more relative weight on the temporary shock, in order to worsen the private sector’s
information. Lower quality private-sector information gives the central bank more

opportunity to reoptimize in the second period.
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2.3  General Model

In this section, I present the general recursive model, and the three formulation def-
initions. There are N, backward-looking state variables in vector x;, and N, action
variables available to the policymaker in vector a;. Some macroeconomic frameworks
separate the policymaker’s instruments, e.g. interest rate, from forward-looking out-
comes, e.g. inflation and output. I follow Marcet and Marimon (2019) in treating the
policymaker as a Ramsey planner, who chooses both instruments and forward-looking
outcomes subject to the constraints.

Let N,, = N, + N,. Each period the policymaker faces a quadratic loss in the

form a positive, semi-definite matrix L of size Ny, X Ny,

T
| Xy
e a ] -
In the very first period, zy ~ N (0,%%). The backward-looking state evolves

according to
Tt
Tiy1 = A |:at:| + Bwt“ (26)
Wty ™~ N (O, ‘[Nw) (27)

for shocks w1, and A has size N, x N,, and B has size N, x N,,.
The private sector has limited information, each period observing N, signals,

collected in z,

% =C [mt] (2.8)

Qy

I =2t = {z |t < t} (2.9)

where C has size N, X N,.
The policymaker faces a constraint that is, in part, forward looking based on the

private sector’s information set. At every period ¢, there are IV, linear constraints
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which must hold for every possible realization of shocks,

Rt oLy
t t+1

where D and J have size N, X Ng,. In this paper, I use subscript |t notation to

represent based on I}°, x4 1)y = E {z1| 1]}

Definition 1. The Forward-Looking Constraint for period t is,

0=D {“"t] +J {x””t} (2.10)

Q Ai+1]t

This type of constraint is common in the linearization of equilibrium conditions
that determine private sector choices. For instance, in a rational expectations mon-
etary model, the private sector sets prices in the current period based in part about
their expectations for prices for the next period.

So that the private sector will use the Kalman update, I require that a; be mean-
zero and jointly normal with the other random variables in the model.® This requires

that, for ag, there exists an N, x N, matrix Gy such that
E {CLO|170} = G()CC()

Var (E {ag|zo}) = GoXeGE

However, it’s possible that ay has additional variance beyond the shock-based
covariance, i.e. X§ — GoXiGE # 0. To model extra variance, I introduce a random
variable 79, whose distribution the policymaker chooses. Let X! of size N, x N, be
defined as

Y0 = Var (ag) — Var (E {ag|zo}) = Var (ag) — GoXeGE

6 Note that hy = .
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Any ag that is jointly normal with zy can be expressed as
ap = Goﬂfo + o (211)

Mo ~ N (07 28)

with Gy and X} defined as above. The fact that that their could be an 7, shock to a;

means that the full history of shocks is defined as,

ho = 2y
56 =55
C
ht+1 = s (212)
| Wt+1
_Z? 0 0
Sto=10 %7 0
0 0 Iy,

and a full-history dependent a; can be expressed in the form,
a; = Gihy +

e ~ N (07 Z?)

for matrix N, x (N, +t (N, + N, )) matrix G; and positive, semi-definite N, x N,
matrix X). Note that the size of the matrix G; grows linearly with ¢.

Instead of looking for state-contingent policies that are jointly normal with the
history {a; (ht)};-,, We equivalently look for a sequence problem of choosing matrices
{G:,27}.2,- This restriction ensures that the private sector can use the Kalman
update. These matrices are chosen before xy or any other shocks realize. At time
t = —1, the policymaker is choosing the joint covariance of all future a; with the
relevant histories. Note a significant difference from most other models: normally, G
would be chosen based on information available at time ¢. That is never the case in
this paper. The G| that minimizes losses after knowing z is different than the one
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that minimizes losses knowing only the distribution of xg, i.e. X§. The policymaker
is committing to a certain policy and its informational effect on the private sector.
All the relevant matrices will be chosen based on X or another covariance that is
calculable before any realizations take place. The underlying model is of stochastic
Gaussian shocks and variables, but the sequence problem of choosing matrices is
deterministic, and based on covariance matrices calculated before any shocks. I call
this informational position the unconditional perspective.

This contrasts with a full information model, where the policy can be decided
after xq is realized. The difference is because under full information, ay does not give
the private sector any additional information. So the optimal ag (xy) can be chosen
state-by-state. For Ty # x¢, the choice of aq (zg) does not affect outcomes under Z,
and therefore it does not affect the optimal choice ag (Zo) . However, when aq informs
the private sector, the choice of ag (o) will affect how the private sector interprets zg
across more than just zy. Different z; updating changes expectations and therefore
the optimal ag (Z). For these reasons, the optimal policy ag(z¢) depends on the
entire distribution of 3§, and cannot be calculated in isolation. Fortunately, optimal
choices of Gy and X define the full policy, and are chosen based on 7.

To summarize, there are two reasons to prefer the sequence problem of {Gy, X7 }°,
to the state-contingent problem of {a; (h)},—,. First, by treating it as a sequence
problem of matrices, we guarantee that the private sector will be able to use a Kalman
filter to update their beliefs. Second, when a; informs the private sector, it cannot
be solved for state-by-state. That is, we cannot find the optimal mapping o — a
using only xy. The entire policy needs to be optimized, and the entire policy for ag

is captured in the matrices (Gg, 3¢).

Definition 2. A Full History Sequence (FHS) is a sequence of matrices, {Gy, 27},

where Gy has size Nyx (N, +t (N, + Ny)), X7 is a positive, semi-definite N, x N,
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matrix. The set FH is the subset of FHS that when used to define ay,
ay = Gihy +

e ~ N (07 E?)

meets the constraints (2.6), (2.7), (2.8), (2.9), and the Forward-Looking Constraint

for all t > 0.

FH ={{G, 27}, : as = Gthy + 7, = model constraints are met V¢ > 0}

Definition 3. The Full History Sequence Problem (FHSP) is,

min E {i BtLt}
t=0

V(X)) =
(5) {Gu.x]} " eFn

for all ¢ > 0, where ¥¥ is a positive semi-definite matrix of size N, x N,, 5 € [0, 1),
L, is defined in (2.5), x; evolves according to (2.6), and a; is defined as in Definition

2.

The FHSP represents a general policy for a; that is jointly normal with the his-
tory of shocks h;. Solving such a general model is intractable because the num-
ber of parameters to choose at time ¢ grows linearly with the length of the history:
N, (Nx +t(Ny + Ny) + % (N, + 1)) .” Unlike other informational structures or under
discretion, the problem cannot be solved by taking a first order condition on a;. To
find the optimal policy we would need to consider the weights GG; and how they affect

the information updating of the private sector.

Definition 4. A Commitment Error Sequence (CES) is a sequence of matrices,

{Gs, Gy, 2112, where G is a matrix of size N, X N, Gf is a matrix of size N, X Ny,

" The final term comes from %} being symmetric.
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Y] is a positive, semi-definite N, x N, matrix. The set CE is the domain of CES that
when used to define ay,
ap = Goo + 1o

Tt

Q)¢

a1 = Gy [ ] + Gl ($t+1 - $t+1|t) + M1

Ty ~ N (07 E?)

Te+1t T41
—E IPs
Leje | = x| |1
G|t Qg

meets the constraints (2.6), (2.7), (2.8), (2.9), and the Forward-Looking Constraint

for all ¢ > 0.

CE = {{G},G;, 2]} 2, : a; defined above = model constraints are met V¢ > 0}

Definition 5. The Commitment-Error Sequence Problem (CESP) is,

W (35) = min E {i BtLt}

{G;;,Gg,zy}fioecg p—y

where X7 is a positive semi-definite matrix of size N, x N,, 8 € [0,1), for all t > 0,
L, is defined in (2.5), x; evolves according to (2.6), and a; is defined as in Definition

4.

The CESP has the crucial dimension reduction in the proof. Instead of choos-
ing ever-growing number of weights each period. The policymaker in the CESP is

choosing a fixed number of parameters for every ¢t: N, (2Nz + N, + % (N, + 1))

Definition 6. An FHS or CES has the Span Property at time t iff

agy1)e € span (:vﬂt,at‘t). That is, there exists a N, x N,, matrix G{ such that

L)t
A1)t = Gf [ | }

Q)¢
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An FHS or CES has the Span Property iff it has the Span Property for all t > 0.

By construction, all CES have the Span Property. In words, it requires that the
predictable behavior of a;y;, given the private sector’s information at ¢, to depend
only on the private sector’s estimate of z; and a;. By taking expectations and re-
arranging, the Forward-Looking Constraint for time ¢ can be reformulated as two
separate constraints

J=1[Jy J.]

Tt

0:(D+JIA)[

0=D |:xt - $t|t:|
At — Gyt

The formulation above shows the intuition for why an optimal FHS would have

+ Jat1p
Qi|t

the Span Property. Extra variance in a;, is weakly costly, and therefore so is extra
variation in a;41;. However, it is useful for a,;; to respond to z;; and a;;. Propo-
sition 13 shows that any FHS without the Span Property at time ¢ can be weakly
improved by modifying the sequence after t+1 so that it does have the Span Property
at time t. Proposition 16 shows that any FHS with the Span Property can have its
expected losses {E {L;}},-, matched at each period by a CES.

Recursive Formulation of Constraints

Above, all constraints were phrased in terms of specific periods 0, t—1, ¢, or t+1. The
VBR will be recursive, so in this subsection I present the equivalent recursive version
of the constraints. In this subsection, subscript p will indicate the previous period, ¢
the current, and n the next. Policy will be determined based on augmented state .,
defined below, and the matrices committed to based on the unconditional distribution
of y., before any shocks are realized. All of the constraints and intermediate values

can be expressed in terms of .., and the shocks before y,,: 7. and w,,. That alternative
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form requires a fair bit of linear algebra book keeping, and it is done in Appendix
Al

The augmented state y, has dimension N, = 2N, + N, and is defined as,

Te
Ye = | Telp| N (07 Zy)

Gelp

and has the distribution implied by the covariance of those three random variables,

)=l

Augmented state y. is composed of the current backward-looking state x., the previous

with

period’s private-sector expectation of x., and the previous period’s private-sector
expectation of the current action a.. The final element, a,,, is the commitment from
the previous period that must be followed through upon, i.e. a. must be chosen so
that the a., from the previous period was rational.

The action for period ¢ will be determined as follows,
ac = aep + G° (XY) (xc — xc|p) + N (2.13)

Ne ~ N (07 X1 (Ey))

where G¢ (XY) is size N, X N,, and X" (XY) is positive semi-definite size N, x N,, and
both were chosen by the policymaker from the unconditional perspective based on the
distribution of y., Y. Note that, for all y., E {xc — xc‘p|]£s} =0and F {nc|_f£5} =
0. Therefore, by constructing a. in this fashion, it guarantees that F {ac|lgs} =
[0 0 I Na} ye- One aspect of the proof is that the distribution ¥¥ is sufficient for the
policymaker to choose the an optimal G¢ and X" that performs as well as a FHS.
All of the numbered equations in this section can be calculated explicitly in terms

of y., XY, n., X", G¢, and G°. 1 perform these calculations in Appendix A.1.
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Here are the recursive versions of the constraints that the functions must meet,
T
‘/'EC ‘/'EC
= L 2.14

Te

T, =A [ ] + Buw, (2.15)

wy ~ N (0, Iy,) (2.16)

The private sector’s information is no longer the history of shocks. Instead it is

the prior period’s estimates, that are part of y., and the observed signal today,

Te
ze=0C [a] (2.17)
Icps = {x0|p7 Qclp, Zc} (218)

The private sector will use a Kalman filter to update their beliefs

] =i
= [o] vaen (e o)) 219

where the K** depends on ¥, G¢, and ¥", and its formula is given in equation (A.2)
in Appendix A.1.

For input to the recursive call, I require

Tple| _ A Lele
lej N {G“’ (Ey)} Lll (220)
where G¢ (3Y) size N, X N, and is the third matrix chosen by the policymaker from

the unconditional perspective. Together, equations (2.15) and (2.20) define y,,, and

therefore its distribution as well.

L,
Un = | T (2.21)
Qn|c



with equation (A.4) in Appendix A.1 having an explicit definition of y,, and ¥Y.
This is consistent with how a,, (3¥) will be constructed (changing subscript to be

consistent with this period from ¢ to n and p to ¢):

@ () = anje + G (20) (2 — Tulc) + 1

E{an (37) [1Z} = ane

For all potential >Y, it must be the case that the recursive version of the Forward-

Looking Constraint also holds,
o-of] o[
Qe Qn|c
B Te Al |z
- LC] / {GC} LLCIJ (2:22)

which the appendix shows how to check for a given Y. In particular, Lemma 24

proves that from »Y, G°, G¢ and " we can check whether the Forward-Looking

Constraint holds for all possible [yc} )

C

Definition 7. Define VB as the domain of valid functions for G¢ (£¥) , G¢ (XY) , 37 (3¥)
for the Value Bellman Problem, in the next definition. They are used to define a. (3¥).
Let XY be such that

Te
Ye = | Lelp| ™ N(O, Ey)

Celp
and define a. as
Ae = ac|p + G (Ey) (mc - $c|p) + Ne

Ne ~ N (07 1 (Ey))

where XY is a positive, semi-definite N, x N, matrix, G¢(XY) has size N, x N,
G°(XY) has size N, X N4, X7 (XY) is a positive, semi-definite matrix of size N, x N,,.
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Constraints (2.14), (2.16), (2.17), (2.18), and (2.22) are met for all possible [7970}

c

VB = {Ge (Z¥),Ge (B¥), 57 (2Y) :

a. as defined above = model constraints are met V>, [yc] }

c

Definition 8. The Variance Bellman Problem (VBP) is,

vy — ; Y
U = o doin Bl +BU ()

Yn ~ N (07 E%)

where 3 is a positive, semi-definite matrix of size (2N, + N,)x (2N, + N,), 5 € [0, 1),
L. as defined in (2.14), the definition of VB ensures all constraints are met, and y,, is

defined in (2.21).

The VBP has policy functions have the same dimensions as one period of a CES,
with N, (2Nx + N, + % (N, + 1)) weights. The key difference is that they are func-
tions instead of sequences. The domain of the functions is possible augmented state
covariance matrices for any period, ¥¥. In the VBP formulation, the choices of ma-
trices this period trade off costs in terms of losses for this period with the discounted
losses of all future periods, represented by U (3¥). Normal recursive effects of G and
> are that they will affect costs today and the transition and therefore distribution
for x,,. The additional effect due to signaling is that they will affect the information in
2. and therefore the accuracy of xy,., which is part of the next augmented state y,,. Via
commitment, G¢ determines a,|. which can mitigate this period’s Forward-Looking
Constraint, and is also part of y,, with associated future costs.

Note U is recursive in the covariances through time. It represents the discounted
expected losses for the infinite problem. It formed by the expected loss for this
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period plus the discounted infinite losses starting next period. At its root, however is
choosing the optimal matrices for the specific period given augmented state covariance
matrix XY for that period. Like the FHSP and CESP, all the matrices are chosen from
the unconditional perspective, before any shocks realize. The VBP is a convenient
formulation for choosing the optimal matrices recursively, but those matrices are still

chosen at t = —1.
2.4 Equivalence of FHSP, CESP, and VBP

In this paper I assume existence of optimal solutions to FHSP, CESP, and VBP, i.e.
there exists at least one minimand for each problem and the value functions are well

defined. Below, I outline the way that the problems are proven to be equivalent with

2
VEH=W(EH)=U[]0
0

0 0
0 0
0 0

The equivalence of FHSP and CESP is shown in Theorem 18. It uses corollary 14
to show that there exists an optimal FHS with the Span Property. Then, Proposition
16 shows that any FHS with the Span Property can have its expected losses matched
with a properly constructed CES. Combined these results show that the optimal
FHS cannot outperform the optimal CES. Proposition 17 shows that any CES has a
corresponding FHS that has the same a, and therefore losses. Thus, the optimal CES
cannot outperform the optimal FHS, and the problems are equivalent.

The equivalence of CESP and VBP is shown in Theorem 19, which is simpler. It
does this by showing that expectations work appropriately and that >¥ is a sufficient
statistic for the recursive part of VBP.

The most complicated part of the proof is the one on which corollary 14 is based:
Proposition 13 showing that an FHS in FH without the Span Property can be weakly
improved into one that has the Span Property. Proposition 13 relies on changing the
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behavior on the subspace that violates the Span Property.

2.4.1 Proof of Equivalence

Lemma 9. Let FHS{G,,X}},°, € FH. The private-sector’s estimation of the history
depends on the matrices up to t, and forms a projection matriz Py, ({GT, Zﬁ}tr:o)

of size Npyy1 X Np gy,
psy __
E{hea|[I7°} = by
= Pir1jhis

ht+1\t = Pt+1|tht+1\t

Proof. First, construct the N, x Ny; matrix ¢, inductively, so that z; = ¢ hs. hg = o,

S0 o = In,.

x
T = A [ t} + Bwiy
Qg

0
=A ({gﬂ hy + LNJ 77t> + Bwiqy
hy
hip1 = Ul
W1
2

_ ¢ 0
‘Pt+1—[A |:Gt ]Na:| B}

Initially, ho—1 = xo—1 = 0, so Pyj—1 = On,xn,. Now the inductive step is to use

Pyji—1, @1, Gy, and X} to construct Ppiqy.
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First calculate how ;1 1,—, depends on the prior Py,_;.

Pije—1
hiprp-1=1 0
- O -
Py
- O ht
0

= Pip1pe-1hin

Pt‘tfl 0 0
Piga=| 0 00
0 0 0
where Py ;1 has size Nj, ;41 X Np 41 because wy1;—1 = 0 and n,,—; = 0.

Now consider the information effect of z;.

_ Lt
Zt = C |:at:|

= C'th1t+1

_ Ot 0 0
Gi=0C {Gt Iy, 0}

where C} has size N, X Np 11, and the last column of the final matrix is Os because
w41 does not affect z; (but 7, does, hence hyyq instead of hy).

Now we can calculate z;_;, and the prediction error,
Rtlt—1 = Ctht+l|t—l = CtPt+1\t—1ht+1

2t T Rtjt—-1 = C; (ht+1 - ht—l—llt—l)

In this paper, when calculating uncertainties with respect to the private sector’s
information for any variable b, I will use the form Y? to represent the variance of b,

2§|t—1 to represent the variance of the private sector’s estimate by;_;, and Pt

tlt—1

represent the variance of the private sector’s prediction error (bt — bt|t,1). Applying
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that notation here,

000
ra=10 37 0
0 0 xv

__ vh _ h T
Var (ht+1|t—1) = Et+1|t71 = PrerlIt—lzltJrllDHllt*1

Var (ht—l-l - ht+1|t—1) =y = E?ﬂ 2t+1\t 1

t+1[t—1

— y¢lps o yahlps T
Var (zt — zt|t,1) = =2 Cy

t|t 1 t+1)t—1

andE‘

h h
where 2}, , X F1lt-1

Flt—1 are positive, semi-definite matrices of size Nj, 441 X

z|ps
Nh,t+17 Z

i1 is a positive, semi-definite matrix of size NV, x N,.

The Kalman update for the private sector will have the form

hiyrie = higae—1 + K] (Zt - Zt|t—1)

where K] has size Nj, ;41 X N,. I show in Appendix A.2 how to calculate an optimal

K even if Zt“tp | is not full rank,

Kth h\PS CT ( z|ps >+

t+1|t 1 t|t—1

where <Z zlps

+
Ht— 1) is the Moore-Penrose pseudoinverse. The prediction then becomes
hiyie = higaje—1 + Kth (Ctht—i-l - Otht+1\t71>
= Kfcthtﬂ + (] — Kthct) Pigaye—1

= Pt+1\tht+1

Py = (Kthct + ([ - Kthct) Pt+1|t—1)

Through the series of calculations, P, depended on Gy, 7, o, and Py;—1. Thus,

it is a function of {G,, X1} _. O
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The prior lemma was a matter of accumulating policies G; and X}, to track how
the private sector would calculate their Kalman updates based on z;. From that, along
with the dynamics of x;, we can calculate the projection P, that maps shocks to
the private sector’s estimates of those shocks.

In the next proposition, I will be using a fact about unconditional expectations of

mean-zero Gaussian linear systems.

Lemma 10. In general, the losses at time t will be

s =e{ o] o] b= (e (1)),

where (A, B) . is the Frobenius inner product, defined as (A, B)p =3, . aijbi;.

Proof. Let b be a mean-zero random vector of length N, ¢ be a mean-zero random

vector of length N, and M be a constant matrix of size N, x N,,
FE {bTMC} =F {Z biMijCj}
.3
=D MyE {bie;}
1,J
= <M’ Cov (bv C)>F

]

Definition 11. Let 7 > 0, and t > 7 4+ 1. Let H; be the vector space of potential

histories h;. hyr, o, and a, are linear mappings on that space

thT P‘r T 0
ht|T:|: 6'1:{ gll 0:|ht

Tr = QOThT - [SOT O] ht

a, =G h, +n = [GT Iy, 0} hy
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Define the subspace
Ht*TE {ht . ht|7—:ht/\$~r:0/\a7—:0}

The superscript 7 indicates the constraints depend on x, a, and I?® from period 7.
Because all the constraints are based on linear conditions, H;" is a subspace and
has an associated projection P;/7. H; can be partitioned into H;” and its orthogonal
compliment, H;™*,
he = hiT + hi™
hi™ = P}"h, € H"

h:TL — ([ o -Pt*T) ht c H:Ti

8

Likewise, any vector x;_; or a;—1° can be decomposed into its projection onto H;”

and H;7™*:
a1 = [Gi-1 In, O]l
=a7 +aT
a;Ty =[G Iy, O] BT
=[Gy In, O] Pl
a7y =[G In, O] (I—PF7)h
and similarly for 2,y = [¢r—1 0 0] hy. O

There are two special features of H;7,. The first is that expectations based on
I?® are entirely accurate. It is a subspace of the space of the expectation projection
from Lemma 9,

*T *T *T *T
hT-‘rl S HT-‘rl = hr—i—l - PT+1|ThT+1

: *T  __ D*T _ *T
This means that Pr7, = P71 Py, = Pr- Pr1.

8 H, is necessary to specify a;_1, because a;—; depends in part on 1,_; which is not in hy_;.
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Second, note also that for all ¢t > 7+ 1, hf” € H;7 implies that for all s such that
t >s>71+1inside h]™, wy =0, and for all ¢t > ' > 74+ 1 ny = 0. (1, is not inside
hy).

Lemma 12. An FHS {G.,X]};2, has the Span Property at time 7 <= ayty, =0

fOT all h7—+1 S HT+1.

Proof. = Let h,y1 € Hy11, and let Y7, = P’ h,1 1. One of the conditions of
H?7, is that predictions based on I?® are accurate, . Therefore, h;7, = P q-h;7 .

Combining with the fact that within H;7,, 2. = a, =0,

¢ 0 0], =27 =0
0} P7'+1|Th:,k-11

Gy In, O[T, =a™ =0

thus, span <9cj|TT, ajﬂ) = span ({0}), and the Span Property implies a7, = 0.

<= By proving the contrapositive ~A = —B. Assume the FHS does not have
the Span Property at time 7. Define v,y = a1, — E {a7+1‘7|xT|T, aT|T}. Note, by
construction £ {UT+1|T|x7—|T, aT‘T} =0, i.e. v;41| is independent of (:UT‘T, aT|T).

By the assumption, it must be the case that Var (UTH‘T) # 0. Let P, be the
Ny X Np 741 mapping from hrpq; t0 vr11)r, S0 Vrp1r = Py Pryqrhryq. Because vy,
is independent of (:1:7|T, aT‘T) and has non-zero variance, there must exist an h,,; such

that 3 things are true
Vrgi|r = PvP’r-i—l\ThT-I—l 7é 0
aT\T = [GT INa 0} PT+1|Th‘r+1 =0

Lrlr = [Sot 0 0} PT+1|ThT+1 =0
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Let hri1r = Pry1j7hr41. By the conditions on A, 1, three things are true:
h7'+1|‘r = 7'+1|‘rh7'+1|‘r
0=[Gr In, O] hryupr

0=[p 0 0] hyiyy

Combined, they imply A, € H7,. The aijrlh for h,yq)7 is
ariifr = Gri1hriayr
= Urt1)r # 0
[

This lemma shows how H7, is a useful subspace of H, . Is is precisely the one
on which violations of the Span Property for time 7 can take place. The key step
in the next proposition is to change a,,; to be zero on that subspace so that the

constructed FHS has the Span Property at time 7.

Proposition 13. Let FHS {G;, 2]}, € FH such that it does not have the Span

Property at time 7 > 0. Then, there exists a new FHS {G’t, Z?}

. € FH with the

Span Property at T and weakly lower costs.

Proof. This is a constructive proof, as we will build the new sequence using the
projections onto H,;7, for t > 7 + 1.

The original FHS had
ary1 = Gry1hr g + 00
and
Qr1)r = GT+1hr+1|T = GT+1PT+1\ThT+1
Because the original FHS does not have the Span Property at 7, the lemma above
shows that when decomposed
3h7L, € H7Ly such that a7’y = Grahl #0
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For all time, the new FHS will have the same {¥}},° . Additionally, the new
FHS will have the same choices for Vt < 7, Gy = G,. Note, the full set of subspaces
{H;7};2.,; depend on I?®. I?* hasn’t changed, because as Lemma 9 shows, P
depends only on {Gy, X7}/, and those matrices remain the in the new FHS.

The new FHS for time 7 + 1 is

aT—i—l = Gr—i-lhr—‘rl + Nry1
G

To see how the new ér+1 affects things, decompose a1~ as discussed in Definition
11, starting first with a a1

~ _ ~xT L
Ar41|r = 7'—1—1\7 + Arii)r

~ kT

A *T
Aryy)r = Gri1Prir Pl heia
~ *T
= GT+1PT+1hT+1
o *T *T
- GT+1 (I PT+1) PT+1hT+1

- G7—+10 - O

with the third equation being because P, P71, = P;,. By right multiplying G,

by (I - P7,).

a;’, 1, = 0. By the lemma, this means that the new FHS {ét} will

t=0

have the Span Property at time 7.

See that a* e = 0 complies with the Forward-Looking Constraint at time 7

*T
*T _ _ *T _ Tl _
because, 77 =0, a7 = 0, =007 =027, = A LL } =0,

T\‘r
aT T-‘r].lT

H*7 | is constructed so that all the terms in the constraint besides a’ are 0.

+1\7’
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Now consider what happens with djflh. First, observe that P:7 P, = P/7,.

Therefore,
@ = Grp Py (1= PIT) heg
= Gr1 (I = P7Ly) Proyr (I = PYLy) he
=Gr (PT+1\T - P:ll) (I - P:ll) hri1
= Gr1Pryr (1= PYLy) hea

*7 L
= GT+1PT+1|Th7—+1

_ox7 L
- aTJrl\‘r

In other words, for hjﬁ in the orthogonal compliment, the expected behavior is

exactly the same as before. Thus the Forward-Looking Constraint also holds on

H:75, because the ;71 behavior is unchanged, d:}}lh = aj:}lh

1 *7_L *7_L *7 L

il T T T

T 17| _ T T+ | _

D [G*TL:| + J [&*Tl :| =D [a*TL:| + J |:a*TL :| =0
T T+1|T T T+1|7

T+1
through 7+ 1

To summarize, we've shown so far that we generate Gt
)
t=0

~ <
Gt:{Gt t_T

G(I-P3) t=71+1

and that this FHS has the Span Property at time 7, as well as meeting the 7-period
Forward-Looking Constraint. We also showed that when partitioned into the subspace

H*7 | and its orthogonal compliment

*T __ *T
v =a7. =0
*T *T
a;” =az, =0

*T AT _
Lry1 = xTJrl\T =0
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By Lemma 12, because G,;; did not have the Span Property, there

Fhrir.a; ), (hr+1) # 0. Which is not the case for G,+1. When constructing the

o0

rest of the FHS, {ét} , we must deal with the fact that

t=1+2
*T *T
arhy = Grahly # 0
could have follow on consequences for subsequent x, .o, a,.2, Tr13, etc. We construct

~ oo ~
{Gt} that are consistent with the new G, ;.
t=1+2

One of the conditions of H;7 is that they have private-sector perfect foresight, i.e.
expectations based on I2° are perfectly accurate. This implies wy, = 0 and 7, = 0
for all £ > 74+ 1. We use the corresponding projections P;/7 to define all following G,

as we did G4,

~ Gt tST
GtE
Gt(I—IDt*T) t27—+1

Again consider the partition for ¢t > 7+ 1
a; = a/;kT + a:TJ_

Ty =a] ot

By construction of H'7,, it was the case that 277, = 0, but that need not have been
the case for 7 = 0 for ¢ > 7+ 1 . The variation was not coming from w;_; or n;_; as
those are both 0. Instead it, was coming from potentially non-zero a;”.

The newly defined a; has the property, however, that a;” = 0 for all t > 7 4 1.
Because 777, = 277, = 0, and ;7 = w;” =0 forall 7+ 1 < s < ¢, ;7 = 0. Again,
recall that h;‘fT = h;7, and wy, = 1y, = 0. So, under the new FHS a;” = 0 and
Z;7 = 0. This meets the Forward-Looking Constraints.

The FHS is designed so that it does not change outcomes in the orthogonal
complement. a7 = [ét Iy, O] h;i7. Note that nj7i = mq. Also, G’th;"“ =
Gy (I — PT*) h;i™t = Gyh;™. Together these show that a;™ = a;™.
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As H; has no prediction errors, it does not affect z;—z2;;_;. Therefore, information
updating will be exactly as before. Because actions are the same, and information
updating is the same, the Forward-Looking Constraints will hold on H;7*. Therefore,

the Forward-Looking Constraints are met for all £ > 7+ 1. And we have

dt — az«rl
«ft — ZL’:TL

so the variance will be weakly lower, as will losses

BIEE)
v ([a])), 2 e (),

[]

To summarize, if a,y;; has variance beyond x,; and a;, then we can weakly
reduce losses while maintaining the Forward-Looking Constraints by mapping that
additional variance to 0. Put another way, a;,1; has two potential uses: (i) to mitigate
the period ¢ Forward-Looking Constraint in response to @y, Gy¢, OF Typq)¢; OF (i) to
respond to w41 for future losses or Forward-Looking Constraints. However, all of

Tt

these depend on @y, aye, or Tyyip, and Ty = A [
Q)¢

], so the span of (mt‘t,at‘t)

suffices. Additionally, any variance of a;11; cannot be a surprise, so it cannot change
the information effect of future periods. In conclusion, the variance of a,;; beyond

the mentioned span cannot help, and only serves to potentially increase losses.

Corollary 14. There exists an optimal FHS {Gy, X}},2, € FH with the Span Prop-

erty.

Proof. Start with an optimal FHS, iterate forward through time weakly improving
it at each time t where it does not have Span Property using Proposition 13. Once
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finished, it will have the Span Property for all . Because the original FHS was an
optimal one, losses will not decrease, but the proposition shows that they will not

increase either. The fully improved FHS will also be an optimal one. O

This corollary is crucial to the proof because it allows us to restrict our analysis to
optimal FHS with the Span Property. We will see that this subset of FHS have losses
that can be precisely matched by a CES. Appendix A.4.2 shows an example of an
FHS without the Span Property, how a CES could not have matched its covariances,

and how Proposition 13 would weakly improve it to one with the Span Property.

Lemma 15. Let a; be defined by either an FHS or CES with the Span Property at time

Tt

t Z 0, 1.€. at+1‘t = Gg |:6Lt|t

] for some Ny X Ny, GY. Further define the N, = 2N, + N,

element augmented state y; be defined as below with distribution 33}

Ty
Yt = | Tifjg—1| ~ N<07 E?)
QAtlt—1

Then, three things can be calculated based on the definitions above and Var( {yt]):

at
(1) the expected losses at period t, E{L;}; (ii) whether the Forward-Looking Constraint

is met at time t; and (iii) the next augmented state, y,41, and its, X7 ;.

Proof. First, define three convenience N,, x 2N,, matrices” that select the true values,

the private sector’s prior estimate, and the private sector’s prediction error for Bt}
t

9 These matrices have no time ¢ subscript because they are constant.
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from {yt} ,
Gy

o
Ml
||
(@)
o
(@n)
~
| I

o = 07 00
=1=10 0 I 0
Tit—1| _ za |Yt
=e
e t] = 2]
ff‘lp =" el

Tt — Tgjg—1| _ easa|ps Y
=6
At — Q-1 | Qg
(1) Losses: Observe,

)

and then by Lemma 2.4.1,

()
a
= <L, e**Var ({ytl) (em)T>
Gt
(11) Constraint: The Forward-Looking Constraint at time ¢ is

0=D Ft] +J |:xt+1|t:|

Qt A1)t

Observe that from (2.6) and the assumption we have

|:$t+1t:| _ {A} |:xtt:|
Attt Gy Ayt
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Here are the steps to calculate x;; and ay,. First, calculate the variance of the

private-sector prediction errors,
Ty — T|t—1 _ eaca|ps Yt ~ N (0’ Exa|ps>
Ay — Qglg—1 =1 ay b1
za|ps za|ps Yy za|ps T
by =e Var e
tlt—1 |-1 a |-1

Tt . . .
2z =C la ] , so the prediction error for z; and its variance are
t

2z — Zt‘til _ C |:1Et - xtlt—l} ~ N <O7 Zzlps >

Ay — Qgjg—1 fe-1
Zz\ps _ sza|psCT

tlt—1 t|t—1

Appendix A.2 shows that an optimal Kalman update is

+
Ko = szeen ()

= -1 tlt—1

and

x X - xra
[ t“} = [ tt 1} + K (zt—zm,l)

Ayt Qtt—1

= (effl + KfaC'e‘r_a‘lps> [yt]

Qg

So the Forward-Looking Constraint can be checked by whether the following equal-

ity is met for all realizable y;, a;, in the same fashion as Lemma 24 in Appendix A.1,

_ Ta A xa Ta zalps Yt
0= <De +J [Gg] <e|,1 + KCel) )> [at]

(iii) The next augmented state, y,11, and its, 3,4

This flows naturally from things we have already calculated. Define

xra A xa xra xa|ps
t+1lt = {Gf} <e|_1 + K C’e|7‘1p )

Ti41t| _ pza Yt
- t+1|t
Qi+t + Qg
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Now observe

B Ti41 - Aexa m ?
Y1 = | Teg1fe | = | yaa a + Wit
Qu1)t t+1)¢ 0

~ N (0, E?+1)

B
Aera y Aera T
st = e () (ld) (o) L[S
t+1)¢ t+1|t 0 0

[]

Lemma 15 shows that for an FHS or CES with the Span Property at ¢, X7 is
a sufficient statistic for calculating the concurrent effects of the distribution of a;.
From the joint distribution of (y;, a;), it is possible to calculate the expected losses

and whether the Forward-Looking Constraint is met.

Proposition 16. Let FHS {G;, ]}, € FH with the Span Property. There exists

a CES {Gf, Gy, E?} € CE with the same expected losses at every period.
t=0

Proof. This proof is done by constructing the CES recursively. Because FHS has
the Span Property, there exists a sequence of N, x N,, matrices {G{},-, such that

Tt

a1 = Gf [ } for all ¢. These will be the ones used in the CES.

Q)¢

Based on Lemma 15, it suffices to show that XY is the same, and that for all ¢ > 0

Qy

FHS and CES have the same Var ({yt] >

Under any FHS or CES,

X5
=0
0

o O O
o O O

as the private sector has no information before t = 0.
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The inductive step is to show that given ¥} is the same under both sequences, we

can choose G¢ and Y of the CES so that Var (Fﬂ) is the same as under the FHS.

a
It is potentially the case that the 7; in the CES will have a different variance than
the 7, in the FHSP. See Appendix A.4.1 for such an example.
From the FHS calculate the distribution of the random vector of private-sector

prediction errors, with er_a‘lp * as defined in the lemma,

- z|ps zalps
|:.Tt — Ttjt-1 _ exa\ps |:yt:| ~N1lo Zt\t—l 2t|t—1
e — Cote_ -1 a ) azx|ps alps
t tlt—1 ] t Zt\tfl ZJzt|t—1
z|ps za|ps]
3 | 3 |

tt—1 te=1| _ jralpsyz, . Yt oralps r
Eax\ps Ea|ps -1 ay |-1

tt—1  “tjt—1 ]

Appendix A.3 shows that choosing G§ and E? as below will replicate the distri-

bution of private-sector prediction errors,!©

G = saxlps (Zr|ps )*

tlt—1 tlt—1

E? - Za|ps . Zar|ps (Ex\ps )+ Z:L‘a\ps

tlt—1 tlt—1 t|t—1 tlt—1

(Clt — at|t—1) =Gy (ﬁt - $t|t—1) + 1
i~ N (0,7)
By replicating the prediction error covariance, we see that the definition of a; in

Qg

CES, a; = a1 + G (:ct — xt|t_1) + 1, replicates Var ([yt}> from the FHS.

As ¥} and Var ({yﬂ) are the same, Lemma 15 shows that the losses will be

Qy

the same, the CES will meet the Forward-Looking Constraint, and X}, ; will be the

10 This is where allowing 7; in the definition for a; is extremely helpful. If CES did not have 7;,

+
we’d have to limit our analysis to FHS for which E?l‘tpfl = E?Iflff (Etzl‘tpfl) Eflilff, i.e. there is no
variation in the private-sector prediction error for a; beyond its covariance with the private-sector

prediction error for x;.
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same. O

The above theorem shows that the losses of an FHS from FH with the Span

Property can be matched exactly with a CES from CE. It uses the {G{},°, from the

oo

FHS having the Span Property, and recursively chooses {Gf, E?} to match the
t=0

joint covariance of y; and a; at every period ¢. Crucially, this implies that the losses

for an optimal FHS with the Span Property can be attained by a CES as well.

The next proposition shows that we can go in the opposite direction as well. Every

CES has a corresponding FHS.

Proposition 17. Given a CES{G¢, G, X7}.2, € CS, there exists an FHS {Gy, X} },°, €

FH that has the same a; at all times.
Proof. Let CES {G%, G¢, 5/}, € CS, meaning that for t > 0
ap = GoTo + 1o

Tt
Q)¢

a1 = Gy [ } + G (ift — $t+1|t) + Ne1

ne ~ N (07 E?)

We wish to calculate {G;},-, so that a; = Gihy + m. (We will be keeping XY the
same.)
We do this inductively, accumulating two utility matrices, Pt””_al‘ .1 and ¢, such

that

Ti—1)t—1 za
[ = P51

At—1jt—1

Ty = pihy

o6



As a reminder

ho = T "~ N(O, ES)

a
hepi=| m | ~N(0,2,)

| Wit

(¥ 0 0
Sta=10 37 0

0 0 X

We initialize the two utility matrices

xra O
—1]-1 — 0

wo = In,
Fort =0
Go = G
ap = Goho + o

Now for every ¢t > 1, calculate

Ti1t—
a; = Gj_, =ty Gy (xt - xt|t,1) + 7
At—1)t—1

Tt—1|t—1
Ttjt—1 = A [ |

Ap—1)t—1
Gy = Ggflptxfal\tfl + G} (SOt - Aptﬁautq)

a; = Gihy + 1

This is a crucial calculation for this step. Combining Pffmfp vs, and A with choices

G¢ | and G¢, we calculate the exact G; that will have the same a; as the CES. X}

remains the same in both the CES and FHS.

P** to be used

Now however, we need to do the more complicated calculation of

next period. To do that we will have to calculate the Kalman updating, which will

57



depend on the uncertainty in (x¢, a;). Observe

$t|t—1 o A Ta
|:Clt|t—1:| B [Gf—l] Bl

Define the utility matrix PtTf_‘pls, and error in projection onto h; as,

za|ps I za
Pt|tlpl = {Gf} (@t _APt—1|t—1)

om0 [0

Ay — Ggfg—1 Uz

The covariance of the error is then

T
Exa\ps _ an|p82? (P:ra|ps> + |:0 0 :|

tt—1 tlt—1 tt—1
Then the Kalman update is the familiar

Kt =snet (osgner)

= “le—1 tlt—1

Now we can to bookkeeping to track the update

z x - ra
|: t|t} - [ tlt 1:| + K (Zt_zt|t—1)

Q¢ Qtlt—1

= (I — KC) {xt't—l} + KMC m

Qt|t—1 t

Gy Gy

A 0

Define the first part that gets applied to h;, and then construct P;*

t|t
A

zalh _ _ 1oTa
prt = (1 — K#°0) {GE

tlt

| ety v e |

Ta zalh Ta O
tt — |:Pt|t| KfeC LN] ONza,XNw:|

hy
xt|t _ pza _ pxa
L‘tlt =Py | me | = Pl
Wi+1

o8



And then to construct ¢;y; in the same fashion as in Lemma 9,

_ ¢ 0
uefg 2] 4

Tip1 = Qrp1hinq
O

Theorem 18. The value functions for the FHSP and CESP are equal, V (Xf) =
W (2}), and an optimal CES {G¢, G5, X1}°, € CE has a corresponding optimal FHS
{G,X1}.2, € FH.

Proof. Corollary 14 says there exists an optimal FHS with the Span Property. Propo-
sition 16 shows that the losses from such a FHS can be matched with a CES. Therefore,
the optimal FHS cannot outperform the optimal CES, V () > W (). Proposi-
tion 17 says that any CES can be translated into the equivalent FHS. Therefore, the
optimal CES cannot outperform an optimal FHS, V (3%) < W (Xf), and together
V(3§) = W(XF). Additionally, if CES {Gf,Gf, X/}, € CE is optimal, then its

corresponding FHS is also optimal. O

Theorem 19. The value function of the CESP and the value function of the VBP

are equal when U is initialized with ¥,

W (E5) = U (30)

26
v =0
0

0
0
0

o O O

The optimal VBP functions yield an optimal CES,

{GF (), G (50, 5 (51,
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20 0
=10 0 0
0 00

Y =X (5))

Proof. Lemma 15 shows that we can calculate W (X%) by initializing ¥ and plugging
in the optimal choices for the CESP as we go to calculate every L; and then perform
the discounted sum. Every one of those choices is a valid option for the VBP, and
the discounted sum is the same as the one performed inside the VBP. Therefore,
W (Z§) = U (%)

Note that by construction, the Forward-Looking Constraint inside the definition

Tt A xt|t
0=D J
o)+l o]

Also, by constructing a;,; in the CES fashion,

of C€ is

Ty Ty
Qy Qy
E I, p = F 2ty Te—1)t—1, Qg—1)¢—1
Tt41 Ti41
Q41 At

as (zt, Ty1fi—1, at_1|t_1) contain as much information about the estimated variables
as {z |7 < t}.
Let G (3Y), G°(XY), ¥"(X2Y) be the optimal choice functions for the VBP. We

can generate a CES from CE& by calculating for all ¢ > 0
Gi = G°(XF)

G = G° (%)
57 = 57 ()
X =55 (X))
Thus, W (X%) < U (3§). Together, W (X%) = U (X). O
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The equivalence of CESP and VBP is because each period they have the same
choice sets and constraints. When the policy is constructed in the y;, G, G fashion,
¥ forms a sufficient statistic for calculating losses and tracking the private sector’s
information. The difference between the two formulations is how the optimization
takes place. The CESP optimizes all the choices concurrently to minimize the expec-
tation of a discounted sum of losses. The VBP uses a value function to minimize the
choices each period, and then, in effect, perform a discounted sum of expectations.

But both problems are solved by the policymaker before any shocks have realized.
2.5 New Keynesian Example

As an application I repeat the analysis Mertens (2016), but solving for commitment
behavior instead of discretionary behavior.
This is a textbook New Keynesian monetary model with two small modifications.

The log-linearized Phillips curve is
Ty = BTey1e + KGe

where 7, is inflation, 5 € [0, 1) is the common discount factor, x is a reduced-form
slope that depends on the microfoundations, and ¢, is the output gap.!! As above,
T = E{ma|I°}, where I}” is the private sector’s information set. I follow his
numerical exercise, in setting equal weights for the central bank on the inflation and

the output gap target deviation

Li=m+ (9 —3)

The unconditional expected losses at time 0 are

L=F

> ﬁtLt]
t=0

11T yse unconventional variable g for the output gap, because x and y are used in the general model.
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The output gap target, g, is time varying. I follow Mertens (2016) and Cukierman
and Meltzer (1986), interpreting the time variation in this target as changing central-
bank preferences. In the financial press, there is discussion of different Federal Reserve
leaders as either hawkish or dovish, and I interpret this as suggesting that there is
uncertainty about the Federal Reserve’s target for the output gap. Tang (2015)
provides an alternative interpretation, as “exogenous variation in the wedge between
the efficient and flexible-price levels of output.”

Again following Mertens (2016), the output target has an autoregressive compo-

nent and an uncorrelated component
G = Y+ €t

Ve = PY—-1 T U

HEIGE)

2

for constant p € (0,1), and variances 02, o2,

Following Mertens, we consider three informational setups, Full Information, where
the private sector observes 7, and &;; Lagged Information, where the private sector
observes 7,1 and m;, (which is enough to infer £, 1); and finally Dynamic Informa-
tion, where the private sector observes only 7.'? In the graphs I also include the
Discretionary version of Dynamic information for comparison.

Like in the two period model, we can ensure that the Forward-Looking Constraint

is met by using using the matrix choices to determine 7, and 7 ¢, and then using

12 Tn the two-period model of Section 2.2, Lagged Information and Dynamic Information would be
identical.
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those to determine g,

i ([ [))

Vit

(&
Tt41)t = Gt Etlt
Tt

Gt = Tt — 41t
with m; instead of m; in the second equation because m; is always in the private-sector

information set.

The setup is slightly different for Lagged Information, as there are three elements

in r; now,
Ye+1 p 00 Vi o, 0
Etr1 | = 0 0O Et + 10 Oc | Wiy1
VMt 1 0 0 |7 0 0
and
Il Tt Yilt—1
Tt = Ttt—1 + Gf’ &t - 0
Y1 Ye—1jt—1
Vit
e, LI | Etft
T =Gy
re ¢ Yt—1
T

gt = T — T4

with 7, and 7 instead of 74y, and m,; because {v,—1,m} € Js

We solve for the steady state by using the VBR formulation

U(3) = min E{L:} + U ()

where for optimal choices G¢ and G° yield ¥¢ = 3.
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2.5.1 Finding the Steady State

I ensure that all possible (G¢(3¥),G¢(XY)) are in FH by using them to define m,

and then using m; to determine the g; that meets the Forward-Looking Constraint,

e = Tefp + G (27) ({Z} - [VBPD

Vele
Tple = G (XY) | €cle

Te

gec = Te — Tpjc

The Steady State Equilibrium is given by

U (") = min E{Lc} + BU (24)

E% (Ge*, Gc*) — Ey*

that is a distribution »¥* such that the optimal choices for G¢ and G° yield the
same distribution for the next period. The key to finding the optimal G€¢ G¢ is
calculating the OU/9%Y. By the envelope condition we can calculate that for a given
G°, G°. The algorithm I use considers the half-vectorization that collects the lower
triangular elements of 3% or XY into a vector, denoted by function vech. It has
Ny = Ny, (N, +1) /2 elements. From that vector, it is easy to reshape it back into
a lower triangular matrix, and then use the transpose to create the full symmetric
matrix.

Rephrasing in terms of vech,
y = vech (¥Y)
y" = vech (XY)

U(y) = min E{Lc} + 5U (y")
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The partial for a specific element of y;

oU B OF {Lc} (Ey, Ge, Gc) N B ayn (Ey, Ge’ GC> T a_U

where %L}: is the Ny x 1 vector of partials for the half-vectorization of the next
period’s distribution. In words, using the envelope condition, we know that the
partial derivative of U with respect to a specific element of y (and therefore ) is
equal to the sum of its direct effect on losses, and its direct effect on the distribution
of the next period’s distribution multiplied by the effects that has on the next period’s
expected losses. Collecting all the partials,
y (e (e
g_l; B aE{Lc}g,G .G +6JTZ_I;

where
B oy (X¥,G¢, G°)
8yj

represents the Jacobian of y" with respect to y. And we can rearrange

oU
y (1=pJ")

1 OE{L.} (%Y, Ge,G°)
dy

Now we can state the first order condition for G¢ and G°,

OE {L. ay"\" oU
o= QB Ly o (Oy"\ " OU
9Ge 9Ge) Oy

OE {L. oy \" oU
o= OBALY | 5 (O0y" OU
OGe 0Ge) Oy

So the procedure is as follows. Choose an initial G¢*) and G¢(©),

The first step is to find the X¥ implied by (G*®, G“V). We can do this by iterating
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equation (A.4) from Appendix A.1, starting with X = F(:)O 8]
AG™ B zéy 8 8 8 AG= B\ "
Sv=| APz 0 0 010 APz 0
c(i) pxa (i) pra
G 0 1o o o 1| \LEFE O

where G2 is defined in (A.1), and is a function of G*®¥, and Pt is defined in equation

(A.3), and depends on ¥ and G,

Once we have found the steady state distribution, 3¢, extract it’s corresponding

vy = vech (Zy(i)) we can use we use it to calculate the partial, g—g, and from that
we can calculate the FOC for G° and G°. Then, the question is how to generate the
next (G0, GUFD) . What I have found works to approximate U in the recursive

call as
~ . . T . T . .
099 = (2 6) -3+ -5 A (-5

where Hy is an approximation of the Hessian of U that holds G¢ and G¢ fixed at their

previous values,

o — 0 ou (y(i),Ge(i)’Gc(i))
U oy7 3y

Because this is a second derivative, the envelope condition no longer applies, so this

is not the true Hessian of U. At the steady state equilibrium, ¥ will approach y¥, so
. T
the inaccurate Hy will not mater compared to the accurate partial, <g—g> .

Using Hy, we calculate the next iteration of G¢ and G by

G, G = arg win (E{Le} + A0 (y" (v, G*, G°))

To find the optimal values for Discretion, I implement Mertens (2016, Online
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TABLE 2.1: Optimal Policies G and G° across Information Structures

| | FI | LI | DI | Discretion |
GS [ 0.58 [ 0.31 [ 0.29 0.21
G< [ 038 ] 0.54 | 0.67 0.44
GS 0.25
GS [-0.06 [ -0.15 [ -0.06 |  0.24
G< [-0.38]-0.33 [-0.38
G- 0.08
G: 1038038 ]0.38

Appendix) method. It yields an optimal

' ' Mt
71'?186 — Gdzsc &
Vit—1
10
_ ﬂ_zi‘zts_cl +Gdzsc 0 1 (|:Zt:| . |:7t6—1:|>
00 !
1
77%8—61 =G% |0 PYt—1t—1
1

So, we can treat them as choosing the same constants, but optimizing G, from the

perspective of the next period’s policymaker,

10
Ge,Disc — Gdisc 0 1
0 0
G,CY’DZSC — dezsc 0
1

2.5.2 Results

In order to ease interpretability of tradeoffs between inflation and the output gap, I
use k = 1 for the numerical exercise. The other parameters are the same as used in

Mertens, g = 0.99, p = 0.9, and unit shocks to v and &; each period.
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F1GURE 2.1: Impulse Response across Information Structures

The left column of Figure 2.1 shows the impulse responses to a unit shock to the
persistent shock, 7, and the right shows to unit transitory shock, ;. The rows are
the realized output gap, g, realized inflation, m;, and the private sector’s next period
expected inflation, ;.

Under Full Information, the ;11 graph is the m graph shifted to the left by one.
It is easy to see how this represents the commitment made by the central bank to the
private sector.

What is more subtle is how for the other two information sets, . differs
from m;q, but it is still a commitment followed through upon by the policymaker.
The forward-looking commitment is with regard to the private sector’s information,

Tyt
T

i1t = G° l

} . Because the private sector in the shock period has informational

errors for both Lagged Information and Dynamic Information, the private sector’s
forecast will not equal the central bank’s, w41, # E {mua|If*}, where I is the
information set of the central bank.

For Lagged Information, the difference only exists in the first period. In the
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LIy

bottom left panel, the Lagged public sector expects T = —0.06, but the true
value is actually 7T1L 17 = 0.33. For the ¢ shock, the private sector overestimates

Lle

0. = —0.11 and 7P = —0.33. The central bank is still following

inflation with 7
through on its commitment, despite the inaccurate private-sector prediction because

the difference comes from the private sector’s prediction error with regard to ~;

M1 Y10
™ = T10 + GG’LI g1 — 0
Yo “Yolo

Because the private sector has an inaccurate vy, m1)o differs from F {m\lgb}. These
values are shown in Figure 2.2. We can see that in period 1, for the Lagged Infor-
mation private sector, the inflation prediction error is even higher than in the first
period. It is higher the inflation prediction error in the first period, despite 1 — v1j0
being lower because inaccurate 7o affects the errors for both v; and the lag element
of 71, 7. Thus in period 1 after 7y = 1 shock, the total weight on inaccurate oo
is Gop (1 — 70|0) + G5 | (1 — 70|0). After period 1, the Lagged Information private
sector has accurate information and 7/}, = m/f; for t > 1.

Now we consider the impulse responses for Dynamic Information. The effects
of a shock are much more persistent than the other two informational setups. For
both shocks, output and inflation much more gradually return to trend. After the
persistent shock Figure 2.2 shows how the private sector takes a very long time to
update its beliefs. This is primarily driven by the fact that the central bank responds
more aggressively to ; than (’yt — fyt|t_1), 0.67 and 0.29 respectively (also visible as
the difference in heights for mg on the graphs). In the two-period model, these numbers
were (.56 and 0.311.

The slow updating means after a v shock, the Dynamic Information private sector
is persistently underestimating inflation. Every period v, > 744—1, so m > my;—;. And

each period, the update from the surprise is almost equally attributed to ;¢ — Vee—1
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FIGURE 2.2: Private Sector Predictions and Errors

and ey, as seen most clearly in that g0 and £g¢ are almost equal for either shock,

when 7o—; = 0. The approximate values are
Yeje| | Veje—1 1.037 o
LJ - { 0 ] - {1.036 (72 = o)

Y] [0-305 0.696] [ — 7oy
0 0.304 0.695 &

The reason that the updating weights are close, despite the fact that the G¢*7 weights

differ is that the variance of the two quantities differ significantly
Var ('yt — 7t‘t,1) = 2.29

Var (g;) =1
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and Kalman updating is a combination of uncertainty and observational weights

DI _ yalps (Ge,DI)T (Ge,DIEHEkDS (Ge,DI)T> -1

= -1 tt—1
~|1.037
~ 11.036
Discretion has very similar information updating as Dynamic Information. This

comes from the fact that the information in m; determined by the ratio of G% to G

and is relatively close in both models

e,DI
Y —
=045
€
e,Disc
2l _
oD =0.49

with the corresponding update weights being
Yeje| | Mte—1 1.59 _
2] L) ] e

_ |t + 0.341 0.694 Yt — Vit—1
0 0.324 0.659 €t

The similarity of private-sector information is reflected in the first three rows of Figure
2.2.

However, the consequences for for outcomes are quite difference. The difference
is driven primarily by expected inflation, shown in the third row of Figure 2.1. To
some extent, after the v shock at period 0, ;| is somewhat accurate. With regard
Y1j0, the DI policymaker with commitment can bind itself to

0.305

T =GP [0.304| = —0.02
0.297

The Discretionary central bank must take the next period’s GSP%¢ as given

T 7 = G2PE0[0.341] = 0.08
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Expected inflation rises in later periods, because it is proportional to v, which has a
hump shape. The consistently higher expected inflation pushes down g and raises .
As the private-sector estimate of v approaches the truth, the central bank approaches
the classic discretionary inflation bias outcome of significant inflation and minimal
output gap.

For all three setups with partial information, LI, DI, and Discretion, the policy-
maker chooses to weight the persistent shock less, lowering the accuracy of the private
sector’s information set. This effect is most measurable for the Discretionary central
bank. In the Mertens (2016) algorithm, there is a first order condition that yields
the optimal discretionary response to both 7;;—; and &;;,_;, even thought the latter
always zero. The discretionary policy can be rewritten as

Yt — Vi1
€t — Etlt—1

Vijt—1
Elt—1

T =10.21 044 0.26 0.39]

and we can see that less weight is placed on (% — %‘t_l) than 7,1, and more weight
is placed on (5t — €t|t_1) than e,;—;. The discretionary central banker cannot affect
its future actions, but it still cares about future utility, and those differences are
because the weights on the predictable components of v and £ don’t affect the in-
formation of the private sector next period, but the weights on the prediction errors
do. With regards to the to the prediction errors, less weight on v and more weight
on ¢ lowers expected inflation today, as well as improving the informational position
of the next period’s policymaker. Because the central bank with commitment bases
its predictable inflation policy of m;—; on both v_;;—; and m_;, it is not as easy to
compare prediction errors for surprise in v, with those predictable behaviors. Never-
theless, we see that for both LI and DI, more weight is placed on the transient shock,

which worsens the private sector predictions.
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2.6 Conclusion

In this paper, I have presented three novel formulations, capable of solving optimal
linear policy for a policymaker with commitment and an informational advantage
over the private sector. To find optimal policy, all formulations must be based on the
unconditional perspective, meaning the policymaker commits to their linear weight-
ings before any shocks are realized. The recursive formulation enables the finding of
a steady state, in which the policymaker takes significant advantage of both commit-

ment and shaping of the private sector’s expectations.
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3

Intermediate Commitment, Temptation, and
Central Banks

3.1 Introduction

It is well known that central banks face a time-inconsistency problem. The optimal
choices from this period’s perspective mitigate today’s constraint via the expectations
channel. From next period’s perspective, however, the central bank would have lower
costs by ignoring this period’s constraint and shocks. In standard optimal monetary
policy, central banks are divided into discretionary banks and those with commitment.
Discretionary central banks reoptimize every period, which means that next period’s
central bank will adjust its decision to lower costs today. Those with commitment
make a state-contingent plan and bind themselves in future periods to follow through
upon the plan, so next period actions are adjusted to reduce costs for this period.
The standard central bank with commitment ignores the past in the very first
period, but ever after follows through on a state-contingent plan in which actions are
responsive to the prior period’s constraint. There is some tension in one type of policy
the very first period, and then quite a different one in later periods. To address this

tension, Woodford (1999) and later work advocates for central bankers to follow a
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“timeless perspective.” Such a central bank has commitment about future periods and
chooses in the first period to follow through on what it would have committed itself
to. In practice, this means every period’s decision incorporating the prior period’s
constraint.

This paper models a central bank that, every period wishes to follow Woodford’s
advice, but does not manage to fully implement it. Marcet and Marimon (2019) and
Giannoni and Woodford (2017) show that timeless policy is equivalent to incorpo-
rating the prior period’s Lagrange multiplier into this period’s utility function. The
central bank with Scaled Commitment applies a discount factor between zero and one
to prior period’s Lagrange multiplier. It puts the degree of commitment on a spec-
trum, where a discount factor of zero, i.e. ignoring the prior constraint, is discretion
and a factor of one, i.e. fully incorporating it, is commitment.

I extend a version of Recursive Contracts to accommodate intermediate forms of
commitment for models with one-period forward-looking constraints. 1 apply this
to textbook a New Keynesian monetary model and derive how a central bank with
Scaled Commitment compares with discretion and commitment. In particular, it has
correlation across periods, unlike discretion, and still some persistent effects of one-
time shocks, unlike commitment. Both behaviors are intermediate between discretion
and commitment. The key benefit of modeling a Scaled Commitment central bank is a
consistent description that could yield such behavior, and the possibility of estimating
the parameter in future work. Scaled Commitment also allows for different discounts
to different prior-period constraints. I explore the implications if the policymaker
follows through on commitment regarding the always-binding Phillips curve, but does
not have commitment regarding the occasionally binding ZLB.

The most similar work is that of Loose Commitment used first in Debortoli and
Nunes (2010). In it, there is a stochastic chance every period that the central bank re-

optimizes, and breaks with past commitments. Both Loose and Scaled Commitment
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have similar effects of reducing the effectiveness of the expectations channel to miti-
gate current period shocks. They have different effects when the next period arrives.
Scaled Commitment places a limit on the intertemporal sacrifice that next period’s
policymaker is willing to make to accommodate this period’s shocks. Loose Commit-
ment is uncertainty about whether the promises made today will be followed through
upon. Higher probability of reoptimization can lead to more extreme promises, which
does not have a comparable behavior in Scaled Commitment.

Beyond the applications, I present a general extension of Recursive Contracts that
can nest more complicated discounting functions of prior Lagrange multipliers. I also
show how Scaled Commitment is a simple modification to existing solution methods
for Linear Quadratic Regulator models for solving commitment.

The paper proceeds as follows. Section 3.2 develops the two-period model and ap-
plies Gul and Pesendorfer (2001) temptation. Section 3.3 derives the recursive result
before providing some results of scaled commitment. Section 3.4 solves intermediate
commitment models in a more general context, as well as solving scaled commitment

in a more general linear setup.
3.2 Time inconsistency in a two-period model

In this section, I consider a simple two-period New Keynesian monetary model. I
discuss time-inconsistency and formally introduce Scaled Commitment. I then derive
the Gul and Pesendorfer (2001) implied temptation function implied by the interme-
diate behavior. Finally, I show how the general approach can also be used to express
Loose Commitment.

In a New Keynesian model, the central bank chooses its interest rates over time,
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iz. The equilibrium conditions for the private sector agents ensure two things'
Y = —i + By [Yer1 + T
Ty = Yy + € + BE [Tp]

Et N (0,0'2)

where 3, is the output gap, m; is the inflation, and &, is the cost-push shock. The
first constraint is the dynamic IS equation, and the second one is the New Keynesian
Phillips curve. These are both forward-looking constraints. First, we assume that
there is no zero lower bound limiting ;. Next, following the Ramsey approach, we
let the central bank choose y; and m; subject to the Phillips curve.

Now we simplify the problem even further by assuming only two periods (and

dropping the ). The constraints on the choice of ws and ys are
T =y + &1+ Ey [mo] (3.1)

Ty = Y2 + €2

where €; and €9 are the independent and identically distributed mean-0 shocks, with
standard deviation ¢. They are known each period before the corresponding 7 and y
are chosen. The expectations operator comes from the optimality condition for the
private sector agents, thus it is their expectations that matter.

Each period, the second order approximation of the social welfare is,?
U _ _1 2 2
t= 75 (7Tt + yt)

Consider the central bank in period 1 with this utility and constraint. From the

bank’s perspective, the ideal would be if they could manipulate the private-sector

1 T have dropped all constants except 3 for simplicity.

2 For simplicity again, I drop the constant for the relative weight on the output gap.
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beliefs away from rational expectations,

™ = Y1 = 0
Ey [7T2] = —&
130
Ty = —Y2 = D)

They would not incur any costs in the first period, and the second period losses would
be at the discretionary minimum. However, rational expectations explicitly disallow
this. If the central bank in period 2 is going to ignore €1, then F; [m5] = 0.

The central bank will adjust both 71 and 3; to meet (3.1).> To produce the highest
overall utility, they would also share the adjustment burden with the second period by
(honestly) changing FE; [ms]. However, when period 2 comes, the central bank would
prefer to ignore €, in their decision making.

The standard analysis divides the central banks into discretionary ones who ignore
g1 once period 2 arrives, and those with commitment who follow through on the
optimal incorporation from the period 1. We will first work through the model for
both these central bank types and then explore intermediate behavior.

The Lagrangian for a discretionary bank in the second period is,

1
£:—§ (7T§+y§)+’yg(7rg—y2—52)

Then

€2

€9

922—722—5

Second period unconditional expected utility is

1 1

3 Because they are equally weighted in the utility and in the constraint, they will split the adjust-
ment across them.
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Because €5 is mean 0, E; [ms] = 0. The solution is the same for the first period,
and we have
€1

€1

ylz—%:—g

Banks with commitment function as if they are choosing the state-contingent

policies for w5 and ¥, at time 1. Their problem is

1
max —= (7] +y; + 75 +v3)

TLYLT2Ye 2
s.t. ™ =1 + &1+ E1 [71'2]

Ty = Yo + €2

Their Lagrangian is
1
EIEl —5 (W%—i‘y%—i‘ﬂ'g—i‘y%)+”71(7T1—y1—€1—7T2)+’}/2(7T2—y2—€2>

Their solution is

. 2
™ =" 2581

c 2
Y1=—"n :—551

c 1 1
Ty == NT T pat 58
c 1 1
Y2=="72 :—551—552

Following through on the commitment lowers second period utility to

E {—% (ms* + y§2)] = —.2907

1.16 L2
= 1. % ——0 .
4
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Thus the second-period central bank using commitment is 16% worse off. But, the

benefit to the first-period central bank is

1
E {—5 (sz + ny)} = —%02

The first period central bank is 36% better off. This shows the utility benefits to the
first period and costs in the second period.

This is a radically simplified model, but we have used it to highlight the intertem-
poral tradeoff a commitment central bank achieves: a small cost to second-period
utility has a larger benefit to first-period utility. Commitment allows the central

bank to make beneficial intertemporal sacrifice.
3.2.1 Intermediate Bank Behavior

In this subsection, I propose a method of indexing banks based on them applying a
discount in the second period to the first period Lagrange multiplier. This will nest
discretion and commitment: a discretionary central bank in the second period ignores
the first period constraint, and a central bank with commitment in the second period
chooses policies that incorporates its effect on the first period constraint.

Marcet and Marimon (2019) and others show that if the policymaker properly
incorporates the first-period Lagrange multiplier into his second-period utility, then
optimal second-period policy will follow through on the first-period commitment.
This is an application of Woodford’s encouragement to follow timeless policy in the
second period: choosing to do what the policymaker would have wished you to do
based on a prior perspective.

Framed as a Recursive Contract saddlepoint problem, the period problems for a

bank with commitment are
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) 1
U1 (81) = mlnmaX—E (71'% + y%) + 71 (7T1 — Y — 61) + E{Ug (’)/1,82)}

Y1 T1L,Y1

) 1
U2 (’71,62) = mlnmaX—E (71'; + yg) — Y172 —|—’72 (71'2 — Y — 62)

Y2 T2,Y2

The Lagrange multiplier v; enforces the constraint, because the second period
utility fully internalizes its effects on the first period constraint. The first order

condition for the first problem is
oU.
0=7r1—y1—€1+E{—2}

om

and by the envelope condition,

oU,
oM

oU,
B ==\ —
{ oM } 2

0=m —y1 — &1 — o

o x
= —Ty

As discussed above

. 2
"= 551
1
T2 =5 (g2 +m)
Ty =" — N
1 1,
= &2 — 571
* 1 *
Mo = 571
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We can also calculate explicitly

1 1
E{Uy} = _5‘7?2 + Z’Y%
oE{lU} 1
8’71 N 2 !
= _W;\l

Definition 20. A two-period central bank with scaled commitment T optimizes the

following value functions,

. 1
UT (1) = minmax — = (7§ +y;) + 71 (12 — y2 — €2)
Y1 T1LY1 2

+ Uf’adj (’Yla 71—;|1 (51)) +E {U2T (’717 52)}

UTY (1,73 (e1)) = — (1= 7) yamy (1)

. 1
Us (11, €2) = minmax — o (73 4+ y3) — T2 + Y2 (T2 — Yo — €2)

where ¢; is a cost-push shock, 7, is inflation, y; is the output gap, 7, is the Lagrange
multiplier, and 73, (1) is the reduced form of 75); in terms of the fundamental shock

€1, not including ~;. It must be consistent
T (51) = £ {male1}

Start by considering the second period utility function. Its only difference from the
Recursive Contract one is the discount facto 7 applied to the ~;m,. Tinterpret this as in
the second period, the central banker wanting to implement timeless policy, but only
able to do it up a factor of 7. An alternative interpretation is that there are two groups
within the central bank, one wishing to act in the discretionary manner, and one
wishing to act with commitment. The coefficient 7 is a reduced-form representation
of the bargaining power of the commitment group. Because the second period bank’s
utility may incompletely incorporate there is a utility adjustment factor Uy g0
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that the total utility for U] accurately reflects the constraint, i.e. at the optimum

Ul (e1) = —L1 + E{Ls} and the constraints are met.

Proposition 21. Two-period banks with scaled commitment meet the Phillips Curve

both periods, and the U] is accurate.

Proof. 1t is easy to see that in the second period a 7 central bank will choose

T%* 1

T :72—7’7125(52—771)
T 1

Yo = =2 = 5(—82—7’71)

In the second period, a central bank with 7 < 1 discounts the benefit to the
first period policymaker of his action, internalize —7vy,my instead of —~;my. This

is precisely why it under-adjusts w5 in response to the first period constraint. The

first period utility function has the factor U] adi (71) in order to adjust its utility to

accommodate the discounting by the bank in the second period. The second period’s

expected utility will end up being

E{U] (m,e2)} = E{La} — 173y
But we want the Lagrange approach to be
Us (e1) = Ly + E{Ly} + 7 (1 —y — €1) — 7o

not, —7717r’2*|1. Therefore, we use

U1T7adj (717 7T§|1 (51)) =—(1-7) VIWSH (e1)

=~ (e1) + TV (€1)

It is crucial that the 7r’2k|1 inside U{ A4 he unresponsive to changing 7; so that the
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saddle-point setup enforces the constraint,

an,adj
o

= (1 =7)my (e1)

) (Uf’“dj o {Ug})
o

=—(1-7) 7T>2k|1 (e1) — 7'775|1

= _7;|1 (e1)

where the second equation takes advantage of the envelope condition inside U,. Then

the entire first order condition for v; will be
0=m —y1 —e1— mop (€1)

Then we can solve for equilibrium behavior,

—hh=T1="
-
0:’}/1<2+§>—€1
yielding
. 2
T = €
! 4—1—7’1
. 2
= — €
U1 4+T1
. T
Tann (1) = _4+T€1
T +1
= — € —g
T2 T Ty T g2
. T 1
= — €1 — =€
2 4—{—7‘1 92

]

We can see how Scaled Commitment nests discretion and commitment, by com-

paring 7 = 0 and 7 = 1 outcomes to those derived above.
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3.2.2  Applying Gul and Pesendorfer (2001) to Scaled Commitment

In their paper, Gul and Pesendorfer (2004) (hereafter GP) derive a representation
result for the utility of choice sets of actions. They show that if an actor has a certain
type of preferences over sets, then their utility over choice sets is representable as
two functions, the utility under commitment, and a temptation function. In this
section, I show that Scaled Commitment meets their axioms, and therefore it is
useful to interpret the reduced form Scaled Commitment behavior as responding to
the temptation to break with the past.

The axioms in GP allow them to model situations when the availability an ex-ante
inferior choice can lower overall utility. Let A 7~ B indicate that choice set A is weakly
preferred to choice set B. The novel axiom for GP agents is Set Betweenness. It states
that if A~ B, then A=~ AU B =~ B.* An agent has a Preference for Commitment if
there exists an A where A = A U B, with > indicating strict preference.

The choice sets we will consider are for period 2 inflation, and will be labeled
Wi, will represent the weight the second-period central bank puts on the first period
shock: w € Wy, = [I, h] will correspond to w3 (w) = —we; + %82

Phrased as a choice set problem, we can define the second period utility for type

T as
T . _ 1 2 2
Ug (71,€2;w) = —3 (7r2 + (m9 — &9) ) — Ty
1
s.t. mg = —weq + 582

Then the second period central bank will choose
T = UT .
Wy p al”gwfgv%fh 5 (71, €25 w)

and we can see that they will always choose the w closest to free choice above 3—

4 Maximizers without time-inconsistency would be indifferent (~), A7> B = A~ AUB = B.
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T

T — __
from 75 = — 51

1
€1+ 3€2,

-
24T

w[;, = arg min ‘w —

we {l, h]

We can define W;’l’h as the inflation chosen by type 7 from the choice set W, and

T0,h . . .
Ty its first period expectation,

,0,h 1

Ty = —wZ—hEl + =&
’ 2
T’lvh _ T
7T2|1 — —wl’h€1
therefore,
B {Lafufy, 21} = —00, — (u],)’ S
2|Wyps €15 = 17 Win) €1

Given wy,, we can also solve for the period 1 choices

_ _T1lLh lLh 1 T
Mm=m7 ==Y = b (1 - whh) €1

and utility from the first period perspective

1 2 2) o 1,

U (exni) = = (§ (=) + ()°) < -
This utility is a quadratic function of wj;, with a minimum at 1 /5. Therefore, it
exhibits Set Betweenness, with 77, representing the preferences of a central bank with

Scaled Commitment 7,

Win Ze Wy =

- 1 1 1
Wi p — 5 <

Winin(L1') max(hhr) 5’ = ’wﬁw 5
<1:> m”l f>\—-ﬂ— <M/Z’h U m/7h,) r>\—./7' M/Z,,h/

The model described meets the other axioms of the GP result: they are com-
plete, they satisfy continuity, and they satisfy the independence axiom. Thus, their

representation result holds

Vi (Wipser) = Jnax u (wie1,T) + v (w;e1,T) — Jnax v (w;e1,7) (3.2)
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Proposition 22. The following definitions of u and v represent a two-period central
bank with intermediate commitment T € (0, 1] over choice sets Wy, in equation (3.2),

for shock ¢,

1
u(w;er, 7) = — (é_l (1 —w)2+w2) £

1
v(w;e, ) = — (— - 1) w?e]

T

Proof. Inside Vi7" (W) 5;€1), the proof amounts to checking that the function u repre-
sents the utility of singleton menus; and w* represents the value actually chosen.

Singleton menus W, ,, = {w} force the choice,

1
T’w7w —
Ty = —wWeq + 582

and this has the same relative utility of for different w as U7, therefore it is identified
up to affine transforms, and I omit the constant in U7 .

Now let’s check that w* = wlfh from above.

1
u(w;er, 7) +v(w; e, T7) = — (— (1—w)”+ —wQ) g

_T_

It has an optimum at =,

S0,

wip, = argwrg%ic} u(w;er, 7) +v(wyer, )
,h

as desired. O

The fact that GP applies supports the interpretation of time-inconsistency as a
temptation. Always, the central bank at time 2 would prefer to ignore the past
constraint. In the GP notation above, the most tempting element for v is always

w = 0. From the perspective of of period 1, the central bank has a preference for
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commitment. I claim that the central bank in time 2 knows they should incorpo-
rate the prior constraint, and follow Woodford’s advice to act in a timeless manner.
Scaled Commitment allows us to put their ability to follow the timeless perspective
on a spectrum. Rational expectations means that ability feeds back into first period
expectations and we solve the model accordingly.

To summarize, we defined central banks with scaled commitment 7 as those in
the second-period decision making discount the first-period Lagrange multiplier by
7. We derived first and second period utility extensions of Recursive Contracts that
were consistent with the second-period decision making. Finally, we showed that this
behavior and preferences had Set Betweenness from Gul and Pesendorfer (2001). We

derived u and v functions for their representation result.

3.2.83 Rephrasing Loose Commitment

The approach of a U that doesn’t fully match Recursive Contracts paired with a U} 4

to accommodate the deficit can be used to represent Loose Commitment as well. In
the previous subsection, we modeled second period policymaker as discounting the
prior Lagrange multiplier by 7. That yielded my = 75 — 7y;. With respect to the

index 7, the second period outcome smoothly depended upon first period constraint.

Oma

671] < 0, then one can solve the model.

In general if 7o (71, 72) is specified, and E; [
The specific values of v; and 7, will of course have to adjust so that the constraints
hold, but the Lagrangian will still work.

Now I apply the same approach to Loose Commitment, (Debortoli and Nunes
(2010); Bodenstein et al. (2012); Debortoli and Nunes (2014); Debortoli and Lak-
dawala (2016)). In this framework, the policymaker has a stochastic chance to reop-
timize in the second period. If he does reoptimize, he ignores the past and my does
not depend on 7;: m = 2. If he does not reoptimize, then he follows through on

the plan it made in previous period: 7, = 7 — 7;. Note that the Lagrange multi-
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plier under reoptimization, v, will differ from the one under following through on
commitment, ¥“. To describe this in an extension of Recursive Contracts, we can
just add an independent, exogenous Bernoulli random variable with probability p, C'.

When C' = 1, that indicates the policymaker follows through on the commitment,

T2 = 72 — 071-5

Definition 23. A two-period central bank with loose commitment probability p op-

timizes the following value functions,

c : 1
U{ P (g1) = min max — — (W% + yf) + 71 (2 — Yo — €9)
Y1 T1L,Y1 2

+UEP 1+ B {UF? (11,22, C)
U = (1= p) E {3 (1,22, C)|C = 0}

c . 1
Ué P (41, €9, C') = min max — 5 (7?% + yg) — Cyime + 7y (T2 — Yo — €3)

Y2 T2,Y2

where ¢, is a cost-push shock, m; is inflation, y; is the output gap, 7, is the Lagrange
multiplier, C' is a Bernoulli random variable of probability p representing the chance

the central bank does not reoptimize, and 7} is the equilibrium policy for 7;.

Solving the system for the second period policy

% %52 C=0
s(E2—m) C=
therefore, because o = 0, UlePadi — (0 no adjustment is needed to the first period

utility.
B{US? (1,2,0) | = E{Ls} = pE {nmalC = 1}

=k {Lz} — M17T21

5 Dropping the superscripts, just note that v, depends on v1,¢€2, and R .
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which is precisely what’s needed.
Solving the system yields an equilibrium condition for the first period Lagrange
multiplier:

dy; + E [Cm] = 2¢;.

That yields the result

2
™ =M :4—|—p61
. 2
Yyy=—m" :_4+p€1
. C 1
Ty =7 —Cn= _4—|—p61+§82
. C 1
Yo = — 72 :_4+p€1_§82

The outcomes in the first period are quite similar to Scaled Commitment. Here the
chance of not reoptimizing, p, maps to the discount 7. Both vary from 0 to 1, with
p = 0 nesting discretion, and p = 1 nesting commitment. The difference appears
in period 2. If the reoptimization does occur, C' = 0, and e; has no effect on the
second period outcomes. If reoptimization does not occur, C' = 0, and the second
period variables react more strongly to £; than if they had been under commitment
(1) (4+p) > 1/5).

The two applications in this section show that extending Recursive Contracts
to accommodate intermediate forms commitment is a promising avenue of analysis.
In the first, I defined a two-period central bank with Scaled Commitment. I showed
how the value functions enforce the constraint, and how they exhibit Set Betweenness
from Gul and Pesendorfer (2004). This fact supports the interpretation of the second-
period central bank producing intermediate behavior in response to the temptation
to break with the past. In the second exercise, I used the same type of Recursive
Contracts extension to model two-period Loose Commitment. This is quite similar
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to the solution method used in Bodenstein et al. (2012), however, I have consolidated
the value functions into one function. I provide the alternative interpretation that an
intermediately committed central bank responds to shock C|, not C' determines which

central bank shows up next period.
3.3 Recursive Intermediate Commitment

The previous section focuses on the two-period central bank model. This section
extends the reduced-form Lagrange discounting into a recursive framework. We also

reintroduce standard constants (k and ) and allow a positive output gap.

T = Ky + € + BE} [T

1
Ue=—5 (77 + AT —w)°).-

When considering his action this period, the central bank would prefer not to in-
corporate how his expected action this period affected the prior period’s constraint.
But he would prefer that the next period’s central bank take into consideration this
period’s constraint.

As discussed above, the standard analysis divides central banks into discretionary
ones and those with commitment. In every period ¢, the discretionary actor ignores
the past, and makes his choices. He rightly expects the future version of himself to

do the same. His Lagrangian looks like
LP =U+~ (7 —ky—e—BE[rn])

For a discretionary central banker facing the New Keynesian Phillips curve, future
utility is not a consideration, because this period’s actions cannot affect it. Inflation
next period, 7,1, must be taken as given. The optimal choice here is 7* = 7.

In the case of the committed actor, we assume there is a date ¢, when the central
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bank makes his state-contingent plans. His Lagrangian looks like

o

L8 = E,, Zﬁtito (Ut + " (7Tt — RYy — & — Bﬂ'tJrl)) (3-3)
t=to
This problem produces one policy for £y, and a different one for all ¢ > to: 7 = ,;
and for all t > tg, 7/ = v — %—1. In the first period, the central bank ignores the
past, and the forever after incorporates it.

The discrepancy between the first and subsequent periods led Woodford (1999) to
advocate the central bank follow “a pattern of behavior to which it would have wished
to commit itself to at a date far in the past.” As he expanded in Woodford (2003),
“Rather than doing one thing now but promising to behave differently in the future,
one should follow a time-invariant policy that is of the kind that one would always

7

wish to have been expected to follow.” Timeless monetary policy argues the central
bank choose 7} = 74 — ;1 for the first period as well as all subsequent periods.

Central banks have some control over how they choose their policy, but they
may not be impervious to the temptation to ignore the past. I derive a method to
answer the question, “what if central banks imperfectly follow Woodford’s advice?” I
express this behavior recursively. If the central bank has commitment, Marcet and
Marimon (2019) show how to use Recursive Contracts to solve the problem as a
value function. They transform it into a saddle-point problem by adding the previous
period’s Lagrange multiplier as a state variable to the value function and the decision
making.

VE (e, v 1) = mvin max U + v (7 — ky —e) —y1m + BE[V (¢',7)] (3.4)

7T7y

where superscript C' is for commitment, ¢ is the cost-push shock, vy_; is the prior
period’s Lagrange multiplier, v is this period’s Lagrange multiplier, 7 is this period’s
inflation, y is this period’s output gap, and 3 € [0, 1). For the central banker in this

92



model, the timeless choice is optimal, and the FOC for v, along with the envelope
condition, ensure that the constraint holds.

Recursive Contracts are often interpreted as a numerical approach to the true
underlying Lagrangian. In that interpretation, the true problem is represented by
(3.3), and (3.4) is this the economic modeler’s method of solving for the policymaker’s
plan. However, I suggest that the recursive framing is actually a better representation
of the problem facing the central banker. There is no common knowledge, state-
contingent policy written down ready to be followed through upon. Woodford was
speaking to the central bankers today, and encouraging them to internalize their
choices’ effects on prior constraints. How much should they internalize them? ~v_q7.
In Giannoni and Woodford (2017), they describe how incorporating the prior period’s
Lagrange multiplier into this period’s social welfare consideration is an alternate route
to timeless policy. The fact that Woodford and others encourage policymakers to act
timelessly highlights that there actually are policymakers deciding at every time ¢. If
they operate in a timeless perspective, they incorporate y_;7.

My generalization substitutes an arbitrary function 7 in place of v_;w. This
function represents the degree to which the central banker incorporates the prior

constraint into his decision process this period,

V (u,v_1) = minmax U~T (u,y_1,7)4+7 (7 — ky — )=V (u, v, y)+BE [V (v, 7)]

Y ™Y

™ =7 — Tr. VT is a utility adjustment in case E [T (v, 7, 7")] does not equal

E [y7']. The Lagrange method requires two things. First,
VIl (u,y_1,7) + BE [V (i, )] = —yBE 1]

so that 7, in expectation, inside V' (-), there is a net term «y (1 — Ky — u — E'[7']), and
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when the constraint is met that term goes to 0. Second, we require that

O (Vb (u,y_1,7) + BE [V (', 7)])

5 = —BE

so that minimization of v enforces the constraint. To do this, V7% (u,~v_;,v) will
have to depend on what 7T is used, and probably used an equilibrium formula for
optimal E[r']. If T = y_ 7, 7* = v — vy, VI = 0, we get back Recursive
Contracts.

Suppose the central banker reads Woodford and knows he should act as he would
want from a prior period, but he cannot bring himself to sacrifice that much. In
the language of the previous section, he knows what he should do, but he faces a
temptation to ignore the past. If the temptation is overwhelming, he will act with
discretion and 7 = 0, but it could be some intermediate level. An intermediate

temptation would be represented by a 7 between 0 and vy_q7.
Loose Commatment

As discussed in the two-period setup, the closest similar work is Loose Commitment,
primarily developed by Debortoli and Nunes (Debortoli and Nunes (2010); Bodenstein
et al. (2012); Debortoli and Nunes (2014); Debortoli and Lakdawala (2016)). In their
framework, there is a stochastic chance of reoptimization every period. They solve
for a period of reoptimization by plugging in v_; = 0.% In their notation, they have
extra terms representing the forward-looking chance of reoptimization.” Like in the
two-period setup, we can define

V' (u,C,v_1) = minmaxU — Cy_17 + v (7 — Ky — u)
vy

Ve (y, Oy, ) + BE [V (u, O y_y)]

6 Page 130 of Bodenstein et al. (2012): The value function for a period when the central
bank reoptimizes is is equal to the full one with prior obligations set to zero, “V % (u;,g;) =

V (utagta,u% = O,M% = 0)'”

7 For example, hF'¢ = m —ky, — 3 (1 — 1) Etwﬁl —uy, with  being the chance of not reoptimizing.
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with C an independent, exogenous Bernoulli random variable with probability p, and
in equilibrium require that
Vieed (u, G, y-1,7) = =y (1 = p) BE [7'|C" = 0]

avlc,adj (U, C7 V-1, 7)
28l

= (1 -p)BE[F|C" = 0]

which means that the value F [7'|C = 0] must be computed from (u,C,v_1), not

depending on 7.
3.3.1 Scaled Commitment

Now we will give the specific formulas for Scaled Commitment in which the La-
grangian from the prior period is discounted by 7. The central banker knows he

should internalize the costs on the prior constraint, but he discounts them,
T (u,y-1,m) = Ty17

for 7 € [0,1]. That yields the following results
= —Ty_1

Vﬂadj (u7 Y-1, PY) = _5 (1 - 7_) PYE [7-(,*]

where 7 represents the type of central banker or the central banker’s decision-making
process. Note, an interior value for 7 is not about breaking promises. Instead, 7
controls how much the central banker is capable of spreading sacrifice across time.
The Phillips curve must be met, and the question is how to spread the burden of
meeting it between this period (m; and y;) and next period (7,1, and by implication
from the ¢+ 1 Phillips curve, y;,1). In the timeless perspective, the marginal utility of
adjustments to the constraint is 1:1.8 In Scaled Commitment, the marginal utility of

the ratio of adjustments is 1 : 7. Whatever the previous period’s marginal disutility

8 The central banker’s desire to have 1 : 37! is offset by the 3 discount on the effectiveness of
changes in the next period’s decision.
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for adjusting 7, this period’s central bank is willing to match that disutility discounted
by 7. The next period’s central banker will do the same with regards to this period’s
adjustment. This approach is akin to other forms of short-term thinking such as §-§
discounting from Laibson (1997).

The model can be solved analytically, and the difference equation becomes

2

K
BE [V41] — (1+T+BT>7+77_1:_,@_U'

In the context of this model, Woodford (2003) discusses discretion, t, optimal, and
timeless policy. As scaled commitment nests these, I reproduce some of the key graphs
from his discussion to illustrate the effect of 7. The results are unsurprising, yielding
more or less a convex set of behaviors between commitment and discretion. Most
promising is that because the decision is linear in the Lagrange multipliers, it can be
translated into a LQR problem, as I describe in subsection 3.4.2.

Figure 3.1 shows the two roots of the difference equation for 7 € [0, 1]. Both roots
monotonically increasing, with the smaller one starting at 0, for 7 = 0, representing
discretion.

Figure 3.2 shows the inflation bias versus 7. It is almost linear with this calibration
because k? > v (1 — ).

RA(1—7)

Bl = a—na=p5?

I include Figure 3.3 for completeness. It shows what a typ-optimal path would be
under various settings of 7. I believe it much better to model central banks as following
the same strategy across time, as opposed to the special t; effects a Lagrangian
normally yields. Central bankers following a timeless strategy with parameter 7
would produce the horizontal asymptotes that the inflation approaches.

Finally, Figure 3.4 is the impulse response to a € = 1 shock at time 0. We can

see that the greater the distortion from timelessness, the more significant the change
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in output. Commitment optimally uses below expected inflation in later periods to

spread the disutility across time.
3.3.2  Scaled Commitment and ZLB

Adam and Billi (2006) use Recursive Contracts to solve for optimal monetary pol-
icy incorporating the zero lower bound. In the previous subsection, we ignored the
dynamic IS equation that specified how interest rates are connected to the output
gap:
Yr = —0 (i — Eymig1) + g + By [ye1] -

The central bank could set i; as needed to achieve any m, and g, that was consistent
with the Phillips curve. As evident due to the Great Recession and the economic
turbulence during Covid, it is also important to analyze situations where the central
bank cannot lower #; to its desired level. Adam and Billi write it as, i; > —r*. We

can substitute this in, to phrase the constraint on y;:
Ye <o+ gi + B [om + Yera] -
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FIGURE 3.4: Impulse Response to a Temporary ¢ = 1 Cost-Push Shock

This constraint is only occasionally binding. When the economy is away from the

*

lower bound, desired output ¥, is below what would be attainable with 7, = —r*. In

that case, the Lagrange multiplier will be zero, v* = 0. In our notation it would be

YPERyZERT mY

—T+VT Y+ BEV (g7, 7)] }

where 7, is minimized over all 4” is minimized over all of R, because the Phillips
curve always binds, and only v* > 0 is considered because the zero lower bound

(ZLB) is only occasionally binding. They solve it using the timeless value 7 =
Yum =2 67 (o +y).
Scaled commitment is represented by
T (my. 701 720) = 77am — 7y2 87 (o7 +y)

VT7adj (57 g, 7317 Fyila 7p7 ,.yz) = _5 (1 - Tp) prE' [’/T,*] + (1 - Tz) P)/ZE [07-[_/* + y/*]
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Figure 3.5 shows the period risk of reaching the ZLB. On the x-axis is 7,, the
measure of how much the previous period’s Phillips curve is incorporated. On the
y-axis is 7., the measure of how much the previous period’s ZLB constraint is incor-
porated into this period’s constraint. The bottom left corner represents discretion,
and the top right represents commitment. Figure 3.6 shows the unconditional welfare
of the parameter range. As the figure demonstrates, 7, is much more important for
the purposes of unconditional welfare than 7,. It is because the Phillips curve always
binds, whereas the ZLB only does so occasionally.

After a —30, demand shock, Figure 3.7 shows the welfare cost and Figure 3.8
shows the additional periods at the ZLB. Finally, Figure 3.9 shows the generalized
impulse response after the shock. In it, 7, represents the bottom right corner of the
heatmaps, with 7, = 1 and 7, = 0. 7, represents the converse with 7, = 1 and 7, = 0.
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FIGURE 3.6: Expected Welfare

We can see that when it comes to this shock, commitment and 7, are remarkably
similar. However, from the welfare graph, we can see that although 7, has a very
different path from commitment and 7, it mitigates most of the welfare cost.

These dynamics seem to me to describe Japan for the past two decades and most of
the industrial world since the Great Recession. They all had low and stable inflation
going into things, significant difficulty dealing with the zero lower bound, and none
of the overshooting after leaving the zero lower bound that would have been optimal.
The central bankers did not promise to overshoot, actors in the market did not expect
an overshoot, and we did not observe one after the fact. Note that models of a
discretionary central bank incapable of overshooting after the zero lower bound must
omit the inflation bias that was prevalent in analysis of the past.

Further work should investigate rationalizing 7,. Consider a model where central
banks imperfectly observe the scaled timeless parameters 7. During a period of dis-
inflation, the central bank can increase private sector’s estimation of 7,. This would
“anchor” inflation expectations at a level closer to commitment and also explain why

expectations had a systematic error for a time. Full information models struggle to
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FIGURE 3.9: Impulse Response After —30, Shock

explain the consistent overestimation of expected inflation during the disinflation of
the 1980s.

If the central bank only updates the private sector’s estimate by acting, there are
different results for the two 7’s. Over time, the central bank could increase the private
sector’s estimate of 7,, because every period the central bank gets the opportunity
to prove its resistance to the inflation bias. However, before the first lower bound
episode, there would be no way to increase the estimate of 7,. Further, excess inflation
and output after the zero lower bound would increase the perceived 7., but decrease
the perceived 7,. This would present the central bank with a tradeoff, and whether it
was worthwhile would depend on the anticipated duration and frequency of episodes
at the zero lower bound. The tradeoff would help to explain the central bank’s concern
that inflation expectations remain “anchored,” and the frequent insistence that that
inflation would not end up significantly above target, despite massive quantitative

easing.”

9 Beckworth (2017) shows evidence that the Federal Reserve’s Quantitative Easing programs were
always intended to be temporary and were never intended to drive inflation above target at a later
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3.4 General Derivation

In the previous section, I worked with a simple New Keynesian problem facing a
central bank. In this section, I generalize the to any problem with a one-period
forward-looking constraint. This would be useful in several situations, for example,
fiscal policy or a lending decision where there is a participation constraint.

We start with an infinite-time Bellman setup

V(z) = max F (z,a)+ BE[V (2) |z, d]

a€el(z)

st. ' =T (x,a),

where I' (x) is the choice set, F'(z,a) is the instantaneous utility, and 7' (z, a) is the
transition equation, which can be stochastic. As currently set up, the model cannot
handle forward-looking constraints, such as a = = + F [a’]. Marcet and Marimon
(2019) Recursive Contracts allow formulation of a time-0 or timeless agent with for-

ward looking constraints.
ho (z,a) + BE; [hy (',d")] > 0,

where hg and h; have dimension ! to handle more than one constraint. Then the

problem can be reformulated as a saddle point

V(z,y-1) = min max F (x,a) + vho (z,a) +v_1hy (z,a) + BE [V (2',7) |z, a]

VGR}I,»XZ a

Note that the first-order conditions become

OF _ dhy Ol
e

Oa da 1 0a

Oz da

cm (200

date.
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and
7] = Oa

ov

o4

or hl 4+ BE =0

W)+ BE [h]] = 0.

The last result is the consequence of the envelope theorem. In particular, min, will
choose v; = 0 if bl + BE [h{] > 0. Recursive Contracts allow us to transform a
problem with forward-looking constraints into a Bellman problem with prior-period
Lagrange multipliers as additional state variables. When facing a constraint, the actor
with commitment can change his behavior this period as well as in the future. He
balances the adjustment to his decision in whatever way maximizes his welfare. The
prior period’s Lagrange multipliers represent a constraint’s shadow cost to welfare,
and by incorporating that cost when making his decision, the agent behaves as he
would have committed to behave in the past.

The prior Lagrange multipliers are often described as representing prior promises.
In the standard optimization, an agent with commitment makes state-contingent
policies and promises to follow through with them indefinitely. When the recursive-
contract agents incorporate the prior-period Lagrange multipliers, the recursive poli-
cies match the state-contingent policies. Hence, incorporating the prior-period mul-
tipliers is described as “respecting prior promises” or even “following through on prior
promises.” Under that interpretation, the state-contingent policies are the true plans
or promises, and Recursive Contracts are just a numerical algorithm for us to calculate
them.

There are two problems with this interpretation. First, when using Recursive
Contracts is the only way for us to solve the problem, it is better to interpret agent

as treating the problem recursively as well. If our best algorithms can only solve
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it recursively, it is inaccurate to claim the agent is following through on a state-
contingent plan he made in the past. Instead, he is also following through on a
recursive algorithm. Second, we should take seriously the idea that a timeless agent
this period is concerned with how his decision process now would have affected himself
in previous periods. It is a backward bargain through time. He wants himself at ¢ + 1
to consider the effect on ¢, therefore he considers the effect on t — 1. This agent
exactly follows Woodford’s advice, “Rather than doing one thing now but promising
to behave differently in the future, one should follow a time-invariant policy that is

of the kind that one would always wish to have been expected to follow.”
3.4.1 General Intermediate Commitment

I now derive the extension of Recursive Contracts for an arbitrary internalization of

prior constraints, 7

Vi(z,v.1) = mllqul max F' (z,a) + T (x,v-1,a) + vho (x,a) +
yeR, @

+ VT (@, 9-0,7) + BEV (2/,7) |, ]

Inside the maximization, 7 represents internalization of the timeless perspective.
V724 i5 the adjustment to next period’s value function from this period’s perspective.

In the equilibrium, it must be the case that
VT (z,9_0,9) + BE[T (2,7, d")] = B¢ [h (2, @')]

and

OV (u,y_1,7) + BE[T (2,7, d)]

5 = BE: [ (¢, a)

It is not possible for all potential 7. However, if T is linear in v_;, then we can
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guarantee a result
T(ZE, V-1, (Z) = 7—1.}6 (.T, a)

Vb (2,7-1,7) = 7 (9 (,7-1) = E[f (2, d') J2,79-1])

where it must be the case that

9 (x,7-1) = Elho (2, a) |z, 7-1]

The policy choices a’ will probably depend on v, a* (z/,7), so g must represent the

reduced form expectation of the optimal choice v* (x,v_1).
3.4.2  General Scaled Commitment

Linear methods are often used to solve the dynamics of the economy under commit-

ment. In particular if the loss function is quadratic, and the system is linear, then

it can be formulated as a linear quadratic regulator (LQR) problem from optimal

control. The problem then becomes a matter of linear algebra instead of value func-

tion iteration. An attractive feature of scaled commitment is that it only requires

a small modification of existing commitment solutions to be able to model varying
H'r

levels of commitment. Specifically, equation (3.6) includes the term “5" instead of

the standard %/ That is all that is needed to introduce scaling parameter 7 into a
standard LQR commitment model.
This section will follow the derivation in Svensson (2010). Suppose the system is

as follows:
I 0 Xttt A Ap| [ X By . C
= + 1 + Eta1- 3.5
|:0 H:| |:Etflft+1 Agl A22 Tt B2 t 0 i+l ( )
X represent predetermined variables, x represent forward-looking variables, i repre-
sent instruments, and e represents zero-mean, iid shocks. Assume Aj, is invertible,
so we have

Ty = A521 (HEt [xt+1] - A21Xt - BQit> .
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It may seem restrictive that ¢; only affect X; and not affect x;. However, one can just
add an additional state variable to X;, and then allow it can impact x; via As; and
Asgs.

As an example, consider wanting to model the New Keynesian Phillips curve from

the first part. We eventually want to capture
T =Y + e+ BB [m].

y; will be our instrument, m; must be one of the forward-looking variables. Thus we
definite it as follows: X; = e;, z; = m, and i, = ;. (The previous discussion assumed

that the shock was iid, which would correspond to p = 0.)

R R [ R A PR

Now assume that the agent is maximizing a quadratic period loss function

/

1 X Wxx Wxe Wxi| | Xy
Lt = _5 T W:EX W:m: Wazz T
iy Wix Wi Wiy iy

in our case
| e "To 0 0] [e
Lt——§ y; 010 Tt
Yt 00 A Yt

This represents a more complicated system than in the previous section. That is
because the upper block was not represented on the previous setup. We need two
additional co-state variables to represent the Lagrange multipliers for the two blocks
of the system. The first &, are the Lagrange multipliers on the constraint

Xi
Xip1 = [An Apg 31] e | + Ceyyq.

it
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It is denoted with subscript ¢t 4+ 1 because its value is only known upon realization of

Et41-

The second co-state is 7, on the constraint

Xy
th+1|t:[A21 Ago Bz] Tt
it

and has subscript ¢ because it is known before the realization of ;.

Agents are maximizing

/

1 Xt Xt
Lt = —§ Ty W Ty
Tt Ut

subject to these two constraints. All agents are concerned with future Lagrange

multipliers therefore at time ¢, the effect on utility of
S (—ANXy — Ay — Briy — Ceypy)
as well as the current period multiplier

Eer1 X141

enters the consideration.
When making choices at time ¢, all agents also consider the ~; constraint:
Xy
Ve | Hropa — [A21 Agy 32] Ty
i
Where they differ is how much they incorporate %%_1]{ xy. Agents with commit-
ment fully incorporate it, and agents with discretion ignore it. We will denote the

scaled commitment factor 7 as a diagonal matrix whose elements are in [0, 1], with
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0 representing discretion and 1 representing commitment. Thus, our scaled commit-
ment agents will incorporate %T'yt,lH 2+ when making their choices.

Putting it all together, in period ¢, an agent maximizes

X Xy
Ey| Ly — f£+1 [An Apa Bl] Tt - ”Yé [Am Agy BQ} Tt
Z.t it
1
+ %Xt + 577271H$t

The first order conditions for this maximization of X, z;, and i; are, respectively

— -/

Xt WXX 1
0= |a Wex | — §£+1\tA11 — 1 Ag + Eﬂ
i | [ Wix
_Xt_ / _WX:E 1
0= Tt me - §£+1|tA12 - 721422 + BT’%—IH
i | LW
X/ W
0= |z | | Wai| = & Br — 1B
i | | W
Appending columns we get the condition
X, : /
St 11 & I 0 0
0= W — A B|+ =
f: [ Ve [ } B |v-1] |0 TH O

We can rewrite this as

X 1 I 0
A B}'[&“'t} =W |z |+ |0 H'r [&}
Mt i 6] 0 0 V-1
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Combining this with equation 3.5,

I 0 0 O 0 X Ay A B 0 0 X; C
0O HO 0 0 Tt Ay Ay By 0 0 Ty 0
0 0 0 A Ayl i | = [Wxx Wxa Wxy é 0 i | + |0 &
0 0 0 A/12 A/22 §t+1|t WzX Wxx Wm 0 H?/T ét 0
0 0 0 i é Ve WiX VVM Wn 0 0 Vt—1 0
(3.6)

This is identical to the derivation in Svensson (2010), but for the HT/T term. In the
relevant part of his analysis, commitment is assumed, so it is just %

Still following the other derivation, we will rearrange the matrix into blocks, so
that the predetermined variables, X;.; and ~;, are together, and the remaining ones

are non-predetermined.

I 0 0 0 O X1 Aqy Q Ay B 0 X C
0 0 H 0 0 :BtJrl‘t = A21 0 A22 B2 0 Tt 4+ 10 (ST |
0 Ay 0 0 Al |ig Wxx 0 Wy, Wxi 2| | 0
0 B, 0 0 Bj] [&ape Wix 0 Wy W, 0] & 0

Given this setup, there is a unique solution of the system if the Schur decomposi-
tion has the same number of unstable eigenvalues as the number of non-predetermined
variables: y, i;, &. Again see Svensson (2010) for more details.

The solution method yields

Ty = F:c { Xt 1
Yi—1
)
V-1
{Xm} _ v {Xt} e,
Vt Yi—1

where the matrices F,, F;, and M are independent of C.
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The takeaway is that scaled commitment can be a drop-in addition to a common
existing solution to forward-looking problems. It allows commitment to be on a

spectrum between discretion and commitment.

3.5 Conclusion

This paper presents a new approach to considering intermediate behavior between
commitment and discretion. Like other agents who face forward looking constraints,
central bankers face the temptation to ignore the past. They may always face it
with respect to the inflation bias, and they additionally face it after a period at the
zero lower bound. I use one application of the approach to describe how a central
bank partially incorporates prior constraints into its decision this period, yielding
intermediate values for smoothing shocks and inflation bias. Further research will
explore the consequences of other limited internalization of prior constraints, as well

as estimating the values from the data.
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4

Conclusion

This dissertation discusses two contributions to the macroeconomic theory of mone-
tary policy. Chapter 2 proves the equivalence of three formulations of the problem
facing a policymaker with commitment and an informational advantage over the pri-
vate sector. In that context, the private-sector updating also becomes a control vari-
able to the policymaker. In a New Keynesian central bank model, I also demonstrate
how the final, recursive formulation is amenable to finding a steady state. I compare
the results for a central bank facing full information and commitment, and one facing
an informational advantage under discretion.

Chapter 3 develops an alternative framing of commitment. The standard approach
of commitment as the capacity to bind future actions ends up with promises being
all-or-nothing, either followed through or ignored. Building off of a micro-theoretic
model of temptation and self-control costs, I derive a novel intermediate form of
commitment. I then show implications of the intermediate form for a New Keynesian

monetary model with and without the zero lower bound constraint.
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Appendix A

Appendices for Chapter 2

A.1 Recursive constraints alternative formation

The recursive constraints described starting on page 34 use convenience notation
such as acjp, Tejp, Aejes Tele, €te. This section precisely defines how those values are
calculated based on the augmented state and policy matrices. Recall,

Te

Ye = |Tep | ~ N (0,%7)

Gelp

ezl =)

Start by defining a variety of convenience matrices for intermediate values that

with
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depend on vy,

ef=1[I 0 0]
Te = efyc
Celp = [0 I 0}

_x
'TC|p - ec|pyC

X
clp

zlps _ x
Cop = Cc — €

Te— Tep = ezl;)syc
Cep = 0 0 I

_ a
Qelp = €C|p?/c

Observe that equation (2.13) can be rewritten as

Qe = Qlp + G° (Ey) (xc - $c|p) + e

clp

= (et + G ) b

For convenience define G%*

e’ 0
el + GO (XV) " Iy,

clp clp

-l
Qe Tle

remembering that G%* is a function of ¥ via G°. The fully detailed version of

ra —
G =

equations (2.14) and (2.15), which define L. and z,, respectively are

L - [yc} T (G [ {ycl

C C

Ye
T, = [AG?“ B} Ne

Wn,
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Tracking the private sector’s information can be similarly calculated for versions

of (2.16) and (2.17),

2, = CGza |:yC:|

Cc

Lelp €ep U y
7 = |ag, | = | ez, 0f|[*
c |p clp Ne
% G

Now to define the private sector belief updates. To define this precisely in terms

of y. and 7. we can use the following facts

€elp 07 0
a y - yc
{ncp e 00 I
0 0 00
ynlps

Define the convenience matrix e’ " where I'm using the notation from the paper of

clp

superscript |ps indicating a private-sector prediction error

X

Celp 0

xr
Vs — 1 _ €elp 0
clp - a

€elp 0

0 O

[?Jc] _ {%lp} — ovnlps {ycl
Me Nelp clp UL

Recall that the vector y., 7. has the following distribution

ARGt
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Therefore the following distributions hold, defining convenience matrix Gz(;'p °

zalps _ ~axa ynlps
GCIP =Ge Celp

Te| | Tep _ G:m|ps Ye
ac arc‘p Clp 770
zalps Le| | Lelp _ yxalps XY 0 < aca|ps>T
e () R S 1 G
Per the derivation in appendix A.2, an optimal Kalman gain for z. is
weome(f- )
e Gelp
_|_
Ko = s et (ospreT) (A.2)

with 4 representing the Moore-Penrose pseudoinverse. Again note that K** depends

on XY G¢ and ¥". Now for the precise definition of equation (2.19), and define

convenience matrix P(j(‘j

er 0
ra — c za xalps
pre = Lalp o] T ileles (A.3)

clp
o] = o] e (e i)
Qele elp elp
_ xra yC
— tcle |:,,70:|

The exact value of y,, in equation (2.21) can be calculated as follows. Recall,
Tple| _ A Lelc
Qp)c o G¢ (Ey) Qe

=[oo] 7
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therefore

z, AG= B [y
Yn = |Tnjc| = APcTcl 0 Tle (A4)
| e Ge(Z¥) Pe 0] [wy
[ AG™  B] [wv 0 AGT= BT\
sy—| AP 0| |0 () o0 AP 0
Ge(zv) P 0] |0 0

o Iy, Ge(Zv) Pe 0

cle

Finally the precise formula for checking wither the constraint in equation (2.22)

holds. Define a N, element random variable b, to be equal to the constraint

A
b Ta za
= pez o[,

bc = Fb yc:| A5
c |:770 ( )

D |:xc:| 7 |:xn|c:|

Qe Qe

Var () = 22 g | ()

Lemma 24. Let b. be defined in equation (A.5). Forward Looking Constraint (2.22)

holds for all m € supp (N (0, Foy - ?Ey)} )) iff tr (Var (b)) = 0.

Proof. =, by contrapositive: tr (Var (b.)) # 0 implies

e (7 5]

such that 0 # pcb L@ﬂ - D xc} g {xmc}

c Gc Qp)c

<= ,by contrapositive: Assume there exists

o[ e (¥ (0[5 w0f50)]))
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such that P? [iﬂ = b. # 0. There exists a € > 0 such that

Cc

] em (] ) oo (¥ (0[5 wi])) = 0722 3]

where B ([?/c] ,(—:> is the e-ball around [gc} . Because b, # 0 for a subset of positive

c c

v 0 . .
measure of supp (N (0, [ 0 s (Zy)] >), some element of b, has strictly positive

variance, so the trace of its variance is strictly positive, ¢ (Var (b.)) > 0. O
By the above lemma, we can determine from ¥, G¢ G¢ and X7 whether the

constraint is met for all possible [yc} )
C

A.2  Generalized Kalman updating with the Moore-Penrose pseudoin-
verse

Coming into period t, let the observer have some uncertainty in state s,

slobs
Et|t—1 = Var (st — st|t_1)

A standard Kalman update has the form

Stj¢ = Seje—1 + Ky (Zt — Zt|t71)

s|obs CT

for the state s;, and some signal z; = Cys;. If A yar (zt — Zt|t,1) = Ctzﬂtfl t

tlt—1

z|obs

has full rank, the optimal K has the well known form based on the inverse of ¥ 1"

—1
_ vs T z|obs
Kt - t\tflct (215\75—1)

The Kalman filter was originally used to model real-world measurements, so there

was some assumed measurement error, v; ~ N (0, %), z; = Cysy + vy If there is some

independent error for every dimension of z;, then Efﬁ‘i would always have full rank.
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For the purposes of theoretical macroeconomics however, we should entertain the
possibility that a fully-informed policymaker could execute a; perfectly without error.
In those cases and under some model specifications, the policymaker may choose to

b . . . .
make Efllto_‘; have sub-rank. Alternatively, s; = s;;_1, there is no new information in

s;, and the private-sector is perfectly informed coming into the period Ef“to_bi will be

0.

Here I derive a more general equation for an optimal Kalman gain.!

el — Cov (st — sye)

e
= Cov (St — (3t|t—1 + KCy (St — St\t—l)))
= Cov ((I — KtC’t) (St — St\t71>)

= (I — K,C,) 3% (I — K,C))"

tlt—1

=30 — KOE" - o CT KT + K058 CT KT

tlt—1 — -1 tlt—1

Minimizing £ { s — st‘t|2} is equivalent to minimizing tr (Zf‘lfbs). We can take

the derivative to get that any optimal K; has the property that

Otr ZSIObS -
tlt - 9(cC Es|obs 2K ZSIObS o
oK, - ( t t\t—l) + 1 t—1 — 0

rearranging

Ktzz\obs _ Es\obs CT

tlt—1 tlt—1>t

The problem arises if Ef||f_bsl doesn’t have full rank, so I cannot right multiply by

its inverse. In such a case there is more than one optimal K;. I now show steps to

solve for a specific one, using the Moore—Penrose pseudoinverse.

! The steps below are similar to those building to equation (4.2.16) in Brown and Hwang (2012)
but without their noise term ;.
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z|obs

o1 = QAQT, so that the eigenvalues in

Perform an eigenvalue decomposition, ¥

A are in increasing order of absolute value. If Nullity <Zf‘|tofsl> =n > 0, then the first

n columns of A are zero. Right multiply the equation above by @),

K:QA =X CTQ

tlt—1

Thus the first n columns of Eﬂt LCFQ are also zero. Use the pseudoinverse of A

which has the property that

0 0
+ _
w00

Define an optimal K such that

K:Q _ Zs|obs CtTQA+

tlt—1

and then,

K: 5|0b5 CTQA+QT

t\t 1

_ Zs|obs CT ( o 1>+

t|t—1

+
where I've a property of the more general pseudoinverse, <Zf‘ t71> = QATQT.

A.2.1 FExamples

z|obs

First consider the trivial example where Eﬂ 1

= 0, implying 2z = 2z;—1. Any K is
optimal, as it must be the case that C;¥:/*® = 0. Thus, no matter the K, ¥ =

tlt—1 t)t

Zfﬂtofsl. The pseudoinverse gives us the reasonable, K = Efl‘fb‘;CT (0)* =0.
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Now consider a somewhat informative, but sub-rank (zt — zt|t_1). Let there be

SR
el

but one of them gets observed twice.

[

two uncorrelated states

e}

10
=[]
then
z|obs -1 1
z:t\‘t—lz 1 1]
dobs\ T [1/4 1/4
(=) = | 1
K*—_l o {1 1|(1/4 1/4
t= 1o 1] |0 o] [1/4 1/4
12 1)2
N i 0 0
et | _ 0 *
] = o]+ o+
1
at\t:§(zt1+2t2)

The proposed K updates the prediction of a; as the average of the two parts of

c 1—c¢
0 0

the signal, 21, z40. But any K; = l ] will have the same performance. This

z|obs

comes from the fact that X -1 has an eigenvalue of 0 for eigenvector [1 —1}T, there

is no variation in that dimension. So changing the attribution of the signal in that

s|obs

dimension is costless to the final uncertainty in > it
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A.3  Using the pseudoinverse for to match covariance

Consider y = Az +¢, with x ~ N (0,%,). We wish to choose A and X, so that jointly

MR i)

Let n = nullity (X,). Use an eigenvalue decomposition with an orthonormal basis
so that ¥, = QAQT and the first n eigenvalues in A are 0.
Define a rotated & = QTz, Var () = A, so j <n = &; = 0. Now consider the

covariance of any possible y and &
Cov (y,2) = E{yz"}
= Cov (y, QTx)
= 3y.Q
But we know that j <n == ; = 0, so it must be the case that
j<n = (3,Q),=0
otherwise the desired ¥,, is impossible. Assuming then that (EWQ)']. = (0, consider
this suggestion: A =3, 37T
Cov (Az,x) = 3,515,

=3,,QATQTQAQ"
= %, QATAQT

0 2<n

s, )

1>n

Because the first n columns of ¥,,Q are 0, X,,QATA = X£,,Q, and Cov (Az,z) = .
For the desired ¥, to be feasible, it must be the case that ¥, — ¥, (Ex)+ Yy 18

positive semi-definite. Assuming it is, let ¥, = X, — ¥, (EI)Jr Yay, and then [ﬂ has

the desired covariance.
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A.4  Examples of Challenging Full History Sequences

Below are two examples of finite FHS that demonstrate some of the features in the
proof. The first shows why 1 may be necessary for a CES in order to match variances
of an FHS. The second shows how an FHS without the Span Property could still be

optimal, and how proposition 13 would weakly improve it.
A.4.1 Showing the necessity of n

This example provides a FHS that doesn’t use n, but where a CES requires n to
match its covariances.

Consider this simple model

g~ N (0,1)
2 = ay
Ti41 = Wi41
Now consider the FHS,
ag =10
a; = xg
This almost certainly going to be suboptimal, for interesting loss functions. But

proposition 16 says that any FHS with the Span Property can be matched. This plan

has the Span Property,

20 — 0
oo = b
(10‘0 0

CL1|0 =0

Now consider the possible (zy,a;) for the CES without n

0 e e
CLlcE = Gg |:0:| + G1 (I’l — 0) = G1131
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Therefore, its variance must be

o () = los e

The variance for the FHS is

we(fa]) =l Y

and cannot be matched for any choice of Gf. To match this FHS, the CES must use

CEx __
ay =M

m ~ N(071)

This shows that there exist FHS with the Span Property with 3} = 0, but whose
matching CES must use ¥/ # 0 in order to match variances of (yt, ar). The problem
arises because the FHS has access to variation outside of (xt, Ti_1)i—1, at,l‘t,l) which
are the random variables from the model available to the CES. Therefore, we must
give the CES access to Ef , in order to match all possible covariances (y;, a;). Once
the CES is using 7, the FHS must have access as well so that the equivalence goes

both ways.
A.4.2  An optimal FHS without the Span Property

This shows a (somewhat trivial) FHS without the Span Property at time 1. L is
constructed so that the extra variation in ag|; is irrelevant to losses, and the FHS is
still optimal. Finally, I show how proposition 13 would modify the sequence, so that
the new FHS has the Span Property at time 1. (I omit 7; as it is not used in this
example.)

xg ~ N (0,1)

2 =Ty

Ti41 = Wi41

42
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The Forward-Looking Constraint is the simple

0=1[1 —1 0] ["]+0|"
Qg Ai4+11¢

=Tt — O¢1

so it must be the case that a;; = x, for all ¢, and all FHS in FH have the same losses.

Now consider the following FHS for ¢ € {0, 1, 2},

-I(] 1
o= 5] =l

a_wl___()l Zo
Lo T {0 0] [wn

S [w] _Jo 01 Z;O
B ) A U I
- - 2
we can see that at time 1,
I7° = {xo, wi }
- - wl
T _ [T _ wy
a1 101 | 0
as|y = 0]
21 = 20

The FHS does not have the Span Property at time 1, because ag|; € span (xm, a1|1) =
span ({w;}). As discussed after proof of proposition 13, this additional variation is
irrelevant to the Forward-Looking Constraint. This FHS is still optimal, because the
extra variance in ay; does not affect losses.

Following the proof and using definition 11,

Hy' ={hy:hop =ha Axy =0Aa; =0}
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the first condition says that wy = 0, the second and third conditions say that w; = 0.

Therefore,

H'=<10

*1 1

*1
P2 e

OO =
o O O
o O O

Applying the steps of the proof to construct the new G,

00 1
G22[1 0 o}
Gy =G (I — P3)

oo 1
“ooo

Decomposing as, ai! = [5}, this is taken to 0, so a3! = {8] In the orthogonal
0
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compliment, a3t = [wﬂ = a3'+. The final result is

0
r 1 00 To
ag_(l)gl I—10 0 0 wy
L 00 0 W
oo 1 io
“10 00 !
L -w2
_-w2
|0
_ [0
g1 = O]

The new FHS has strictly lower covariance and the Span Property at time 1.
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